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SECTION 1:

1-1 What Kind of Course Is This?

The mathematics part of the Biomedical Curriculum could be
many things. It could be a conventional mathematics course,
which emphasizes the learning of mathematical ideas and skills.
Or it could concentrate on the mathematics needed for specific
biomedical tasks. A third possibility is that you could do in
mathematics class the computations required by the science part
of the curriculum.

None of these three approaches alone seems adequate. The
mathematics course you are now beginning is therefore a combina-
tion of all three.

You will be introduced to several mathematical topics. During
this this course you will encounter linear functions, vectors, trig-
onometry and statistics, among others.

The mathematical ideas and skills you learn will !De used to
solve problems specifically related to biomedical careers. For
instance, you will learn how to make the calculations required to
prepare a given amount of a certain concentration of a chemical or
drug. This is a type of calculation done frequently by both nurses
and pharmacists. You will use trigonometry to determine the mag-
nification of X-rays, as an X-ray technician must be able to do.

Your mathematical skills will also be used to solve problems
which arise in science class. You will often do an experiment in
science class and take the data you obtain to mathematics class,
where you will learn how to treat the data mathematically.

While studying respiration, for example, you will examine the
properties of gases in science class. You will do experiments in
which you determine how the volume of a gas changes when it is com-
pressed or when it is heated. Your laboratory data will be used
to obtain an equation which expresses mathematically the relation
b:tween the pressure, the temperature and the volume of a gas.

You will use your knowledge of statistics to determine whether
a class of elementary school children has adequate vision.

The mathematical skills that you learn,,however, will not be
applied only to biomedical problems and science data. We recog-
nize that you are a person, and have included mathematical prob-
lems related to your own life. Vector techniques will be used to
solve a variety of nutritional problems. You will user vectors to
determine the number of calories in a food from the quantities of
protein, fat and carbohydrate it contains. You will use a tech-
nique called linear programming to solve such problems as finding
the least expensive combination of foods which has the same pro-
tein content as a pound of beef.
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If we limited our mathematical skills to those needed to do
current biomedical computations, we would be unprepared for prob-
lems that might arise in the future, requiring other mathematical
techniques. Thus, later on in the course you will meet
complex numbers. Complex numbers have a real part and an imagi-
nary part. As far as biomedical mathematics is concerned, the
imaginary part is still imaginary. But electronics engineers have
found a use for complex numbers, and it is possible that in the
future some biomedical mathematician will find he can solve a prob-
lem most easily using these same partly imaginary numbers.

1-2 The Number Line

We will start our biomathematical journey with a familiar mathe-
matical idea, the number line. Its relation to anything biomedical
will not be obvious immediately. Be patient. It will be obvious shortly.

We start our review of the number line by asking the question,
"How can we give an address to each location on the number line?"

First we choose an arbitrary starting point and call it zero.
This point is also called the origin.

0

Next we choose a line segment AB of arbitrary length.

A
I UNIT LE4d&TI-1

. 2,

Line segments of length AB are marked off along the line starting
from the origin in both directions.

A

Each point can now be assigned a number which corresponds to the
number of lengths AB, or fractions of lengths AB, between the point
and the origin. Points to the right of zero are assigned positive



numbers, while points to the left of zero are assigned negative
numbers.

3 R P Q
< } 1 I 1 +

1 I

-3 -2 71 0 1 2- 3
The address of P is 1. The address of Q is 2.5, while the address
of R, is -1.5. The address of S is -3.

What is the distance from P to Q? We may obtain the answer by
counting the number of unit lengths between P and Q, in which event
our answer is 1.5. Or we may be more elegant and subtract 1 from
2.5, in which case our answer is also 1.5.

2.5 - 1 = 1.5

To find the distance from R to Q we may again count the number
of unit lengths between the two points. The number is 4. We may
also find the distance by subtracting -1.5 from 2.5. But be care-
ful to remember how negative numbers are subtracted.

2.5 - (-1.5) = 2.5 + 1.5

You can see that this must be so, because

2.5 + 1.5 = 4,

and 4 is the answer we obtained by counting unit lengths.

In the same manner, we may find the distance from R to P.

1 (-1.5) = 1 + 1.5

= 2.5

The distance from S to R may also be determined in this way.
We subtract the address of S from the address of R.

-1.5 - (-3) = -1.5 + 3

= 1.5

Observe that all of the distances we have determined have been
distances going toward the right; that is, in the positive direction.
When moving to the left, we go in the negative direction. If we
calculate the distance we travel, we obtain a negative number.

We may determine the distance from Q to P by subtracting the ad-
dress of Q from the address of P.

P - Q = distance from Q to P

1 - 2.5 = -1.5

3



We may interpret this to mean that P is 1.5 units in the negative
direction from Q.

To find the distance from Q to any other point to the left we
follow a similar pattern. For example for Q to R,

R - Q = distance from Q to R.

-1.5 - 2.5 = -4,

or 4 unit lengths in the negative direction from Q, which is toward
the left.

The distance from R to S is calculated in the same way.

S - R = distance from R to S.

-3 - (-1.5) = -3 + 1.5

= -1.5

You may remember that the formal rules for addition and sub-
traction of positive and negative numbers are as follows.

Addition Subtraction

a + b = a + b a -b=a- b
a + (-b) = a - b a - (-b) = a + b

(-a) + b = b - a (-a) b = -a - b, or -(a + b)

(-a) + (-b) = -a - b, or -(a + b) (-a) - (-b) = b - a

While we are on the subject of the arithmetic of positive and
negative numbers, we will also review the rules for multiplication
and division.

-10 -5 -4 -3 -2. 1 0 1 2., 3

Suppose we drive a car along the number line at a speed of two
units per hour. Where would we be three hours after passing point 0?

The distance traveled is given by the formula

distance = speed x time

Therefore the distance traveled is

2 x 3 = 6 units

After three hours we would be at the point 6.

4



Another question is where we were three hours before we passed

point 0. We may consider time in the past to be negative and ex-

press the time three hours ago as -3. We may ji.as'ify assigning

negative times to the past because we assigned positive times to

the future. Our location three hours ago can then be sound by the

formula

distance = speed x time

= 2 x (-3)

= -6 units

Three hours before passing the origin we passed the point -6.

I I I 111111 I I

-6 -5 -4 3 -2 -1 0 1 2 .3 5 6

Suppose.now that we put the car in reverse and backed up at a
sneed of 2 units per hour:

Where would we then be after three hours? Since we would be moving
in a negative direction, we may state our speed as -2 units per
hour. The distance traveled would be

-2 x 3 = -6 units,

and we would be at the point -6 after three hours.

-10 -4 -3 -2, 1 0 1 2 3 4 5 6

Let us consider one final situation. Imagine us backing up at
two units per hour along the segment of the number line shown in
the drawings. Consider the question of where we were three hours
before passing the origin. You no doubt know without calculating
that we were passing the point 6 at that time. But let us see how
we would arrive at that number by arithmetic calculation. We deci-
ded times in the pass were negative, so the time three hours ago
was -3. Since we were going backwards, our speed was -2 units per
hour. The product of two negative numbers is a positive number.
Therefore, our location three hours before passing the origin was

(-2) x (-3) = 6

t. 5



The situations described on the previous page, in which
cars were driven back and forth along the number line illus-
trate the multiplication of negative numbers. The equations
below express the rules governing those operations.

(x) (y) = xy

(-x) (y) = -xy

(x) ( -Y) = -xy

( -x) ( -y)= xy

The rules governing division correspond to those for multipli-
cation and we will merely summarize them by the following equations.

1-3 The Metric System

Our discussion of length has been based on a unit length, but
we did not specify what the unit length was. In the Biomedical
Curriculum, as in the scientific community in general, the metric
system is almost always used.

Metric units of length are given in the following table. Al-

so given are factors for converting from the metric system to the

British system and from the British system to the metric system.

METRIC UNITS OF LENGTH

"nit Meaning of Prefix Abbreviation
Relation to
1 Meter

millimeter one-thousandth mm 1 m = 1000 mm

centimeter one-hundredth cm 1 m = 100 cm

decimeter
meter

one-tenth dm
m

1 m = 10 dm

dekameter ten dkm 1 dkm = 10 m

hectometer one hundred hm 1 hm = 100 m

kilmeter one thousand km 1 km =.1000 m

RELATION OF METRIC UNITS TO BRITISH UNITS

1 inch = 2.54 centimeters
1 meter = 39.37 inches
1 meter = 3.28 feet
1 mile = 1.61 kilometers
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The millimeter, the centimeter, the meter and the kilometer
are the common units of length. The decimeter, the dekameter and
the hectometer are rarely used and are given only to show the deci-
mal nature of the metric system.

Note that 1 centimeter is equal to 10 millimeters. Also ob-
serve that 1 meter is slightly longer than 1 yard. Since you will
be using the metric system throughout the Biomedical Program and
since you may not be familiar with the units, you should try to de-
velop a picture of the approximate size of the units. Remember
that a meter is slightly greater than a yard and that about 2.5
centimeters are equivalent to an inch.

One reason the metric system is used by scientists is that its
decimal nature makes conversion between units easy. Converting 180
millimeters to 13.0 centimeters or 0.180 meters is simpler than con-
verting 180 inches to 15 feet or 5 yards. Another reason is that
use of the metric system allows scientists of the United States and
Canada, the only major industrial countries still using the British
system, to communicate with scientists of other countries. It seems
only a matter of time until the U.S. converts to the metric system
as its official system of measure.

PROBLEM SET 1:

Consider the following pairs of numbers:

a. +8, +5 e. -3, -11

b. +7, -2 f. -12, -8

c. +4, +10 g. -9, +13

d. +6, -9 h. -11, +4

1. Find the sum of each pair.

2. Subtract the second number from the first one in each Pair.

3. Find the algebraic sums of the following:

a . 8 + 2 - 3 - 4+ 6 - 1 - 9 + 5

b. - 3 + 7 + 2 - 6 - 5 + 1 - 8

c . 4 + 10 - 3 + 7 - 6 - 9 + 2

d . 9 + 7 - 8 + 4 - 5 - 2 + 7

e. 10 - 11 + 12 - 13 + 14 - 15

f. 1 - 9 + 2 - 8 + 3 - 7

g . 6 - 12 + 4 + 7 - 13 + 8

7



4. Multiply:

a. (8)(5) f. (- 5)(3)( -4)

b. (-6)(7) g. (-14)(-7)(- 2)

c. (-12)(-4) h. (4)(6)(-11)

d. (9)(-6) i. (13)(-1)(-3)(-10)

e. (2)(-3)(4) J. (-2)(-3)(14)(-5)

5. Divide. Show your answers as reduced fractions.

20 -35
a. 3- d.

-7
g.

(-7)(13)

24b. 7

-
c. -g-

30

8

-28 (64)(-12)

e. (-7)(3)
h.

(-3)(4)(5)(-16)

-39 (-27)(-36)
f.

(13)(2)(-3) i. (-9)(-3)(-16)



SECTION 2:

2-1 Applied Math

This course is firmly in the applied branch of mathematics. You

will learn how to use your math skills to get personally useful infor-

mation. We will always answer the question, "What is the use of this

technique?" You will learn more than just mathematics from this course

because it is applied. For example, in the alcohol lessons you will

learn how long it takes alcohol to leave the bloodstream. You will al-

so get practice in using the mathematical tool called linear functions.

In a truly applied course you get two pieces of knowledge for the price

of one. We call it a bargain. However, to take advantage of the bar-

gain you will have to solve many "word" problems. We realize that many

of you find this to be a difficult task. Consequently,in many instances

we have attempted to simplify the process by writing introductory

"programmed" problems.

2-2 Completely Programmed Word Problems

To apply math to real life situations we will have to translate

written English into mathematical terms. We can then get a mathemati-

cal solution. We illustrate with an example.

SITUATION:

A patient is brought into the emergency room. He has a high fever.

It is 5° C (= 9° F) above normal. The doctor has the patient packed

in ice to break the fever. One hour later his temperature is down tc
7° C (= 12.6 °F) below normal.

PROBLEM:

Our target question is, "What was the patient's change in body

temperature?" However, we will not try to answer this question imme-

diately. We will first ask questions that require no computation at

all. They require only that specific information be found in the state-

ment of the situation. For example,

a. How much above normal was the patient's initial temperature?

Answer: 5° C above normal.

We might next ask you to translate the answer to part a into math-

ematical symbolism.

9
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number.

b. State the patient's temperature elevation as a signed

Answ:r: +5°.

Doing the same for the temperature depression, we have parts c

and d.

c. How much below normal was the patient's temperature after

one hour in an ice bath?

number.

Answer: 7° C below normal

d. State the patient's temperature depression as a signed

Answer: o

Notice that no computation has been required so far. Finally we

are ready for it.

e. State the patient's change in body temperature as the dif-

ference of two signed numbers, then solve the equation.

Answer: Following the pattern of Section 1, we find the dif-

ference between T = +5 and t = -7.

t T = distance from T to t

-7 (+5) = -12

f. Interpret your results, that is, tell how much the tempera-

ture changed and in what direction.

Answer: The patient's temperature changed 12° C. Since the

sign is negative, the patient lost 12 degrees.

This temperature change problem is weiy simple. We will seldom

break down such a simple problem into so many steps. We did it with

this problem to illustrate a common pattern in our word probelms.

2-3 Semi-programmed Word Problems

Commonly the first time we present a new type of problem, we will

completely program it. This was illustrated in the preceding section.

As the problem set moves along, we will expect you to supply more of

the steps on'your own. If you have trouble, you can refer to a similar

10



problem which has been completely programmed. The pattern of solution

will often be the same. We illustrate with an example.

PROBLEM:

A patient is brought into the emergency room with a high fever. It
is 6° C above normal. He is immediately pint into an ice bath. After

one hour his temperature is reduced to 8° C below normal.

a. Write and solve an equation which describes the patient's

temperature change.

b. Interpret the results.

SOLUTION:

Your first task in this problem is to recognize that it is similar

to the first problem. The exact same procedure that we used for the

first problem may be used to solve this problem.

a. -8 - 6 = -14

b. The patient's temperature dropped 14° C.

PROBLEM SET 2:

1. Elmo liked to jog at night. He particularly liked to jog along

country roads on moonless nights. He was jogging along in pitch dark-
ness one night. His activity had raised his body temperature 1° C
above normal. He tried to jog over a washed out bridge. Since Elmo

could neither defy gravity nor walk on water, he fell into the creek.

After 5 minutes in the creek his temperature had fallen to 2° C below

normal.

a. Write and solve an equation which describes Elmo's change in

body temperature.

h. How many degrees did Elmo's body temperature change and in

whatdirection?

2. A kidney is an organ that removes waste products from body fluids.

After the waste is removed it makes a solution (urine). If there is

little extra water in the body it makes a concentrated urine (small
water, much waste) If there is a great deal of extra water available

11



it makes a very dilute urine (much water, little waste). A sick kid-

ney cannot handle the extremes, that isfvery concentrated or very

dilute urines. Therefore, a close watch is kept of the water intake

and output of a person with kidney trouble. The objective of this

watch is to have the intake and output equal each other. A chart sim-

ilar to the one below is used to record the intake and output of body

fluids for each 8-hour period.

Intake
(ml)

Output
(mi)

Oral
(By
Mouth)

IV
(Injection
into veins)

Clysis
(Injection
under skin) Other Total

400 400 250

Urine
(#1)

Eraesis
(Vomit)

Feces
(#2) Sweat

Breathing and
Respiration
(Estimate) Total

350 200 375 150 100

a. What does the kidney do?

b. What two conditions might hurt a sick person with kidney trouble?

c. What is the objective of this close watch of fluid balance?

d. Suppose that intake is more than output in one time period.

During the next time period the intake will be (increased, decreased).

e. How much water was taken by mouth? (Include units.)

f. Give all intake numbers a positive value. Add them to find

the total intake.

g. How much water was lost in the form of sweat? (Include units.)

h. Give negative values to the output quantities. Add them to

find the total output.

i. Find the algebraic sum of the total intake and total output.

12



j. Interpret the result, that is, state whether the amount of

fluid in the patient's body increased or decreased and by how much.

k. During the next time period the patient's,intake should be

(increased, decreased) by ml.

3. Below is the record of another patient suffering from kidney

trouble.

Intake
(ml)

Output
(ml)

Oral.
(By

Mouth)

IV
(Injection
into veins)

Clysis
(Injection
under skin) Other Total

600 500 200 15

Urine
(#1)

Emesis
(Vomit)

Feces
(#2) Sweat

Breathing and
Respiration
(Estimate) Total

600 500 600 150 100

a. Give positive values to all inputs and sum them.

b. Give negative values to all outputs and sum them.

c. Find the algebraic sum of the inputs and outputs.

d. Tell how much the patient's water intake should be increased

or decreased in the next 8-hour period.

4. When a rocket is launched there is a "countdown." The moment

of blastoff is called time zero. In the jargon of the rocketeers

time before blastoff is called "t minus." Time after blastoff is

called, "t plus." On the following page we have a schedule for

the blastoff of the Taurus III rocket launch to Venus.

13
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a. How long before blastoff did the astronauts board the

rocket?

b. How long were the astronauts in the space capsule be;,:e

they were inserted into orbit?

c. Write a subtraction equation that expresses the time that

Passed between t = -20 hr and t = +200 hr.

d. Which came first, t = -40 hr or t = -2 hr?

5. The city of New Orleans lies about 2 meters below the average

level of the Mississippi River. The levees which surrounded the

city can contain flood waters which rise to 4 meters about the average

level. How high are the levees?

6. Elmo had a net worth of -$53.14 on January 1. He had a negative

net worth because he owed and spent more money than he had. When

figuring net worth, debts and expenditures are given negative values.

Money on hand or received is given a positive value. The algebraic

sum of these positive and negative values is the net worth of an

individual. Below we have a record of Elmo's financial fluctuations

during the month of January.

az
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Elmo made $16.33 mowing lawns and $24.53 selling lemonade

at "Uncle Elmo's Fresh Squozen Lemonade Stand." Furthermore, he

picked up $47.19 by panhandling. Best of all Elmo's father decided

to forget about the $117.74 that he had loaned Elmo in December.

In other words, Elmo could now take away a debt of $117.74 from

his net worth.

On the negative side Elmo spent $96.14 on food and shelter.

a. What kinds of quantities are assigned negative values?

b. What kinds of quantities are assigned positive values?

c. The effect of taking away a debt is to (increase, de-

crease) Elmo's net worth.

d. Find Elmo's net worth-at the end of the month.

e. Do you think Elmo's business will pick up when the

weather warms up? (Hint: Is the month of January generally associated

with lawn mowing and lemonade stands?)

7. Darius, the Persian king, was born in the year 558 B.C. Xerxes,

also a Persian king, was horn in the year 519 B.C.

a. The two kings were father and son. Which king was the father?

b. Write and solve a subtraction problm to determine the age of

the father when his son was born. Use signed numbers.

8. The highest point in the connected United States is Mt. Whitney.

It is 14,495 feet above sea level. The lowest point is located in

Death Valley. The elevation of this point is 282 feet below sea level.

a. Write a subtraction problem which expresses the difference

between these two elevations.

b. If you were standing on top of Mt. Whitney, how many feet

would you be above the floor of Death Valley. (Solve the problem you

wrote in Part a.)

15



SECTION 3: PATHS AND SURFACES

3-1 One Dimensional Quantities and Length

A path is a one dimensional space. Length is a measure of
one dimensional space. Consider a train moving along its tracks.
It may move freely either backwards or forwards. Movement right
and left off the tracks is not a real option for a train. It is
forced to accept either backwards or forwards along its tracks.
T:l.refore,-the world of trains is one dimensional. The space
available to a train is measured by the length of track available
to it. For example, there is a train which runs from Willits,
California to Ft. Bragg, California. The size of this railroad
may be meaningfully measured by the length of track needed to con-
nect these two towns. Railroads are one dimensional and their
sizes may be meaningfully measured in terms of length.

3-2 Two Dimensional Quantities and Area

A surface is a two dimensional space. Area is a measure of
two dimensional space. Consider a ship moving about on Lake
Michigan. Unlike the train, the ship may move either right or
left as well as back and forth. A ship is a surface vehicle.
It moves in a two dimensional space. The size of the space avail-
able to the ship is measured in terms of the area of the body of
water that it is on. For example, suppose our ship always remains
on Lake Michigan. The size of the space available to the ship
is approximately the area of Lake Michigan. It is impossible to
measure the surface of the lake in terms of length.

An automobile is another vehicle which operates in two-space,
or, in other words, on surfaces. In an automobile, it is also pos-
sible to move right and left as well as backwards and forwards.
Therefore the size of the space available to an automobile may be
measured in terms of area. However, the case of an automobile is
not as clear-cut as a ship. Most of the time automobiles operate
on surfaces which restrict right and left type movements. Common
sense restricts movement too far to the left into the opposing
lane of traffic. Drainage ditches and so forth restrict movement
too far to the right. Consequently, the surface available to a car
often times resembles a path. This is the reason that you will
hear, "Miles (kilometers in the future) of roadway," instead of
"Square miles of roadway." Whenever this situation arises then we
will assume that the auto is following a path. Whenever the
surface is not long and skinny, then-we will call it a true surface.
For example when a car is moving aboutin'an empty parking lot, then
we say it is on a surface. Consequently we would measure the size
of the parking lot in terms of area.

17



3-3 Area: The Measure of Two Space

Surfaces cannot be measured in units of length, so a different
kind of reference unit is necessary. This unit is the unit square.
A unit square may be generated by passing a unit line segment
through a distance of one unit in a direction perpendicular to the
line segment.

"one unit" of length

one unit

A unit square is a square whose sides are of unit length.

F_1 UNIT-->1

1 UNIT

The unit square was chosen as the unit of area rather than
some other figure (for example, the unit circle) because of the
ease with which unit squares can be fitted together to find the
area of other figures.

The area of a rectangle, you will remember, is the product
of the number of rows of unit squares and the number of columns
of unit squares that can be packed into the rectangle.

18



k--- .3 UNITS -).1
A RECTANGLE WITH AN AREA OF I UNIT SQUARES

To find the formula for the area of a triangle one may start
by constructing a rectangle as shown in the drawing.

b

One side of the rectangle is side AB of the triangle, and the oppo-
site side of the rectangle passes through point C of the triangle.
AB is called the base (b) of the triangle and UF the height (h).
The area of the rectangle is bh.

The area of the triangle is half the area of the rectangle, or
1
bh. We may show this to be true by noting that the area of tri-

angle ACF is half the area of rectangle ADCF and the area of tri-
angle BCF is half the area of rectangle BECF.

0

A

AREA OF A ACF
Yz. AREA OF CIADCF

0
As

4.:.

F

AREA OF ANBCF =
YR_ AREA OF I=3 BECF

13
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The area of triangle ACF plus the area of triangle BCF equals the
area of triangle ABC. The area of rectangle ADCF plus the area of
rectangle BECF is the area of rectangle ABED. It follows that the
area of triangle ABC is half the area of rectangle ABED.

AREA OF C3ABED =
AREA OF C] ADCF +

A,REA. OF EmBECF

AREA OF &ABC=
AREA OF ppx,F

AREA OF LSE5CF .

Thus the area of a triangle is one-half the length of the base
times the height.

1
A = 2 bh

The area of any other polygon can be found by dividing the
figure into a number of triangles, finding the area of each trian-
gle and summing these areas.

When we work with complicated figures, and want to find a formula
for area, we naturally have to use more letters to label all the
dimensions. For example, it would take nine letters to fully label
the figure above. In order to keep things from getting out of
hand, mathematicians have taken to using letters with subscripts
to represent variables or dimensions. A subscript is just a number
written at the lower right'hand corner of a letter. For example,
we can form a0, a

1,
a2, and so on. These quantities are read "a

sub zero", "a sub one", "a sub two" and so on. The quantity "r sub
ten" would be written as rip. The handy thing about subscripts is
that they allow us to form several quantities, all using the same
letter.

Now we return to our discussion of area.

Z7
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The formula for the area of a trapezoid is derived by dividing
the figure into a rectangle and two triangles.

IDa

L

h

1 b2

The area of the rectangle is b2h.

The two triangles can be put together to form a large triangle
with base 1)1 - b2 and height h. The area of this triangle is

7 (b1 - b,)h.

The area of the trapezoid is the sum of the area of the rectangle
and the area of the larger triangle.

1Area of trapezoid = b
2
h + 7 (b1 - b2)h

= b
2
h + 2 blh - 7 b2h

= 2 blh + b2h

7 .(b
1

+ b
2
)h

For at least 4000 years mankind tried to express the area of one
of the simplest of all geometric figures in terms of an exact number
of unit squares. The figure is the circle, and no one was ever suc-
cessful. Mathematicians now know better than to try.

The area of a circle can be given in terms of its radius and an
irrational number called Tr. If we call the area A and the radius r,
the area is given by the formula

A = wr 2
.
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Computers can give it to increasing degrees of accuracy by calculating
additional decimal places, but there are always more digits beyond
the last one given by the computer. To seventeen digits it is approx-
imately equal to 3.1415926535897932...

3-4 Metric Area Units

The metric system is used for area as well as for length. We
stated that a unit square is a square whose sides are unit lengths.
If the unit length is 1 centimeter, for instance, the unit square
has sides of 1 centimeter. We say that such a square has an area of
1 square centimeter. The abbreviation for "square centimeter" is
"cm2."

I m4

I CM '-"'""'"4"1

I cm

Other units of area, and the conversions between units, are
given in the following table.

METRIC UNITS OF AREA

Unit Abbreviation

square millimeter mm2
square centimeter cm

2square meter m
square kilometer km 2

Lengths Areas

1 cm = 10 mm
1 m = 100 cm
1 km = 1000 m

22
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1

1

cm2

m2
km2

=
=
=

100 mm2

10,000 cm2

1,000,000 m2

29



Note that one square centimeter is not equal to 10 square milli-
meters, but is equal to 100 square millimeters. The reason for this
can be seen by considering a square millimeter and a square centi-
meter:

rtlmrn I cml I cm

Cmml
-1_

Ten rows and ten columns of square millimeters can be fit into the
square centimeter.

I sti mm

I cm

I cml or 1001mm'

Therefore the area of the square centimeter in units of square milli-
meters is 10 x 10 = 100 square millimeters.

PROBLEM SET 3:

1. Divide the following set of phrases into two categories by writing

either a 1 for one-space or a 2 for two-space.

a. path

b. surface

c. a train

d. a ship on the Atlantic

e. a caboose

f. length

g. a four-wheel-drive vehicle on the Sahara desert

h. a ship in the Panama Canal

i. a car on a two lane road

J. a bicycle in a parking lot
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k. an oil spill

1. a telephone wire

m. an artery

n. a leaf

o. a page in a book

p. a sentence on a page in a book

q. a phonograph record

r. the groove in a phonograph record

2. Write the subscripted variable indicated by each of the following

phrases.

a. b sub one

b. A sub triangle

c. x sub i

d. m sub s

e. L sub mo

f. P sub zero

3. Write an Engish phrase equivalent to the following subscripted

variables.

a' Atrapezoid f. A
set

b. x
2

g. commieversive

c. m3 h. hard ject

d. a. i. fatcontract

e. Yellowmarine J. verytle

4. Select and correct the false statements.

a. b
1

+ b
2
= 3b

b. a
o

+ a
1

+ a = a
o

+ 2a
1 1

c. a
1

+ a
1

= a
2

d. AA + AA = 2A
A

e. a + a + a = 3a
1 1 1

3a1

24
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5. If b
1
= 3, b

2
= 7, and h = 5, find the numerical values of the

following:

a. b
1

+ b
2

b. b
1

h

c. b
2

h

d. 1 b
1

h
2

e.
1

(b1 b 2)h

f.
1

- b
1)

h
''`)2

6 Suppose b1, b2, and h each are in units of centimeters. Express

the units of the answers for Problem #5.

Trapezoid ABCD may be divided into sections by line segments

BF and CE which are perpendicular to AD.

h = 5 cm, bl = 16 cm, b
2
= 10 cm

Give numerical answers and units for the following.

a. What length is the base, EF, of the resulting rectangle?

b. What is the area of the rectangle?

If the two triangles are joined along CE and BF,

25
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c. What is the length of the base of the new triangle?

d. Find the area of this triangle (ABD).

e. Find the area of, the trapezoid by adding the areas of the

rectangle and triangle.

f. Find the area of the trapezoid using the formula Area =

(b
1

+ b
2
).

g. Are the areas found in part e and part f the same?

8. Find the areas of the following figures.

a. A rectangle; base = 5 cm, height = 2 cm.

b. A triangle; base = 5 cm, height = 2 cm.

c. A trapezoid; bases = 100 cm and 80 cm, height = 40 cm.

d. A trapezoid; bases = 1 m and 0.8 m, height = 0.4 m.

e. A circle; radius = 7 cm, 7 = 22

9. a. Determine the area

14 cm

b. Determine the area of the circle.

of the rectangle below.

31 cm

cm
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c. The figure below is a rectangle with two attached semi-
circles. Determine the area of the figure. Use Tr =

10.
= = 8 cmAC HE

CE = AH = 6 cm

ID = 12 cm

GF = 15 cm

BG = 20 cm

CQ = AI = 3 cm

From the above diagram and measurements, compute the area of:

a. rectangle ACEH e. triangle CQD

b. triangle CDE f. trapezoid ACDI

c.

d.

trapezoid HEFG

rectangle AIQC

g- polygon ACDEFGH

r

27



11. a. Determine the area of the shaded region. Both figures are

rectangles.

15crn

340

b. Determine the area of the shaded region. Both figures are

rectangles.

1, 3brnm

E

12. The trapezoid, opposite, has a rectangle, a triangle and a circle

cut out of it. h
3

is the height of the triangle, r is the radius of

the circle and h
1
is the height of the trapezoid. Determine the area

of the shaded region.

35
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b1 = 40 cm

b
2

= 30 cm

b
3

= 8 cm

b
4

= 9 cm

h1 = 15 cm

h2 = h3 = 6 cm

r = -f cm

22
TT =

36 29



SECTION 4:

4-1 Collecting Like Terms

_Y.

J

4U7
ArAmAir

,AI

2.0 tm

Finding the area of the shaded region in the drawing is not a
difficult problem. It is equal to the area of the large rectangle
minus the areas of the five small rectangles. The area of the large
rectangle is 10.20 cm2, while the area of each small rectangle is
2.3 cm4. The area of the shaded region is therefore

10.20 - 2.3 - 2.3 - 2.3 - 2.3 - 2.3 cm2

We could carry out the six multiplications and add the six terms,
but we can make things easier for ourselves by noting that

- 2.3 - 2.3 - 2.3 - 2.3 - 2.3 = -5(2.3)

Mathematicians call this process "grouping" or "collecting of like
terms." The area of the shaded region may be written as

A = 10.20 - 5(2-3)

We may now simplify this expression to

A = 200 - 5.6

= 200 - 30

= 170 cm
2

Finding the area of the shaded region in the drawing on the
next page is another problem in which collecting like term7 simplifies
an expression.
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The area of the shaded region is the area of the rectangle minus the
areas of the two squares plus the areas of the four circles. The
area of each square is a2, while the area of each circle is 71'1.2. The
area of the shaded region is then

bh - a2 - + 71.1.
2 + irr2 + irr2 + Trr2

Since - a 2 - a2 = -2a 2
and irr

2
+ irr

2
+ irr

2
+ irr

2
= 4irr

2 , we may col-
lect terms to obtain a simplified expression.

A = bh - 2a 2 + 4irr2

Collecting like terms is seen to be a useful technique when de-
termining the areas of certain geometric figures. It is also an il-
lustration of a more general law of algebra, the distributive law.
Consider the rectangles below.

The area of Region 1 is ah. The area of Region 2 is bh. The sum of
the areas of Regions 1 and 2 is ah + bh.

The area of the large .tectangle including both Region 1 and Re-
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gion 2 is (a + b)h. However, the area of the large rectangle is
equal to the sum of the areas of Region 1 and Region 2. Therefore,

ah + bh = (a + b)h.

This equation is a general expression of the distributive law.
The distributive law is an extremely useful tool throughout the
realm of algebra. It may be used to factor expressions.

88 + 99 = 11(8 9)

= 11(17)

2ax + 8xz - 14cx = 2x(a + 4z - 7c)

It may also be used to simplify expressions.

3(y x) + 2(2x - y) = 3y - 3x + 4x - 2y

= x + y

3a + 4b - 2(a + 2b) = 3a + 4b - 2a - 4b

= a

4-2 The FOIL Method and Distributivity

Many of you are already familiar with the FOIL method of
multiplying two binomial expressions. Briefly, the lettters in
the word FOIL describe the pattern of multiplication (First, Out-
side, Inside, Last). For example,

(a + b) (c + d) = ac + -ad + bc + bd

Lr)
First Outside Inside Last

The same result may be obtained by applying the distributivity
principle twice in succession.

[Once] (a + b) (c + d) = (a + b) c + (a + b)d

[Twice] = ac + be + ad + bd

Except for the order of the terms, this result is exactly the
same as our FOIL method result.

If you are indeed familiar with the FOIL method, then you may
be inclined to ask, "Why bother to learn the distributive method?"
The answer is that the distributive method is more general. For
example, consider this example

(a + b) (c + d + e) = ?
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The FOIL method will not work for this problem, but the distributive
method will.

(a + b) (c + d + e) = (a + b)c + (a + b)d + (a + b)e

= ac + be + ad + bd + ae + be

PROBLEM SET 4:

1. Write an expression for the area of the polygon. Group like terms.

2. The areas of the regions of the polygon below are represented by the letters

within the region. If two regions have the same letter they have the same area.

Write an expression for the area of the figures below. Group like terms.

40
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3. The perimeter of a polygon is the sum of the lengths of its edges. Write

an expression for the perimeter of this polygon. Group like terms.

14.

Write an expression for the area of the shaded region. Group like terms.

41
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5.

X

a. Write an expression for the area Ri.

b. Write an expression for the area R2.

c. The area R
1

+ R
2
may be expressed as the sum of the answers to parts

a and b. It may also be expressed as the product of the length and the width

of the larger rectangle. Write an equation that shows these two equivalent

representations of the area Ri + R2.

One form of the distributive law is a(b + c) = ab + ac. Apply this relation

to problems 6 through 10.

6. (bi + b2) =

7. -x(y - 2) =

8. 2(z - 6) =

9. (-b - 4)(-8) =

10. -m(n + 4) =

36
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Apply the reverse of the distributive process to problems 11 through 15.

11. b
2

+ b =
1 2 2

12. 12z + hy =

13. -xa + bx =

14. -2a - 8h =

15. 64a - 32b =

Simplify the following expressions. Group like terms and apply the distributive

law.

16. A
tot al =AA +A A +AA

1 -
= + A A

C3
17. A

total 2
A
C3

+ A
A A

+
2

18. a - 3b + 4(a + b)

19. 3a + 41) + (2a - 3h)

20. a + 3h +
1

(a + c)

21. a b + c 4a - 3b

22. 8a - [4b - (-3a + 4b) + a]

23. a - [-a(2 + b) + b(a - 2)]

24. 7x - 2[-3(x - y) + 4(x + y)]

31. (x - 4) (x + 2) =

32. (a + b)(2a + b) =

33. (80 + 4) (80 - 4) =

34. (M - 10) (N + 2) =

3S. (x + y) (x
2

xy + y
2

) =

3 6 . (x - y) (x
2

+ xy + y2) =

2S. a - {2x + [3a Sx - (4a + x)] - 2a}

1 1 1
26. A

total
=

2 2
blh + - blh +

1
+ b2h

27. ab - c - 3ab + (bc - c)

28. a bc - (c + 3bc)

29. 2ab - 3(c + ab) + c + d

30. ab + c + a(2b - 3c)

Apply the distributive law twice in succession to determine the result of

the following multiplications:

Example: (a + b)(a + 2b) = (a + b)a + (a + b)2b

=a..
2

+ ab 4- 2ab + 2b-

= a
2
+ 3ab + 2b-
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SECTION 5:

5-1 Volume

In diagnosing certain lung diseases, such as emphysema, the
concept of volume is important. In administering drugs by injec-
tion, in giving transfusions of blood, the concept of volume is
essential. What is volume?

Volume is the measure of three-space, just as area is the
measure of two-space and length of one-space. Helicopters and
submarines are examples of vehicles which operate in three space.
They have the capability of moving up and down in addition to
right-left and forward. They operate in three space and the size
of their medium is measured in the units of volume.

You have learned that the length of a line segment is the
number of unit lengths that can be fitted onto the line segment,
and the area of a surface is the number of unit areas that can
be fitted into the surface. The volume of a space is the number
of unit volumes that can be fitted into the space.

The unit volume most commonly used is the unit cube. The
unit cube is a cube whose sides have a length of one unit.

UNIT LENGTH

The cube is a convenient unit because cubes may be easily arranged
to fill a space.

The volume of a space is the number of unit cubes needed to fill
the space.
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Counting the number of cubes stacked in some space is, of
course, not, a convunie"t process. The unit cube will be most
useful as a unit volume if we have a formula for calculating the
number of unit cubes in ,--- given space. We will now find the for-
mula for the volume of one type of solid figure, the rectangular
solid.

Consider a rectangular solid with a height of one unit length.
How many unit cubes can be fitted into this solid?

The number of unit cubes contained in the solid is equal to thenumber of unit squares contained in the base. The area of the baseof the solid in the drawing is 6 square units; the volume of thesolid is 6 cubic units. If the rectangular solid were not one unithigh but h units high, the volume of the solid would be h-6 or 6h.

We can let Ab represent the area of the base and write the formula
for the volume of a rectangular solid.

V = Ab h

Since the area of the base is equal to the length (t) times the width.(w), the formula can alternatively-be written

V = e w - h.

The triangular prism is another type of solid for whose volume
we can obtain a formula. Consider a prism with a height of one unit.

tUNit
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The number of unit cubes, even though some are fractional, that
will fit into the prism is equal to the number of unit squares
that will fit into the base: the same result we obtained for the
rectangular solid. If the prism were h units high, the volume would
be h times the area of the base. Letting Ab represent the area of _

the base, the formula for the volume of a triangular prism is

V = Ab h.

Since the area of a triangle is equal to one-half the altitude (a)
times the base (b), the formula for the volume of a prism may also
be written

1V =Ta-b h.

The same reasoning we have used to obtain formulas for the
volumes of rectangular solids and triangular prisms may be used to
obtain formulas for the volumes of other solid figures which have
plane bases and sides perpendicular to the bases.

In every case we would find the volume of the solid to be given by
the formula

V = Ab h.

Example:

Find the volume of the solid with the trapezoidal base shown
in the drawing.

= bcm
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Solution:

The formula for the volume of a solid with plane bases and
sides perpendicular to the bases is V = Ab h.

In this example h = 5 cm.

Ab is the area of the base. The formula for the area of a tra-
pezoid is Ab = 1(b1 + b2)a.

2

In this example bl = 6 cm, b2 = 8 cm and a = 2 cm.

1Therefore Ab = 7 (6 + 8) 2

=
1

2
(14) 2

= 14 cm2

Substituting 14 sq cm for Ab and 5 cm for h in the formula for
volume, we obtain

V = 14 cm 2 .5 cm

= 70 cm 3

This answer may be interpreted as a volume equivalent to 70 unit
cubes having sides of 1 cm.

Example:

Derive the formula for the volume of a cylinder in terms of its
radius r and its height h.

Solution:

The formula for the volume is

V = Ab h

42
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The base of a cylinder is a circle, and its area is given by

A
b

= nr 2

Therefore the formula for the volume of the cylinder is

V = nr2h

It is essential to include in the answer the units in which
the volume is measured.

5-2 Metric Volume Units

Units of volume are given in the following table.

METRIC UNITS OF VOLUME

Unit

cubic centimeter
cubic meter

Abbreviation

cm 3

m3

Length Volume

1 m 3 1,000,000 cm31 m = 100 cm

METRIC UNITS OF CAPACITY

Unit Abbreviation

milliliter ml
liter 1

1 liter = 1000 ml
(We will not use "1" to stand for the liter, because it looks

like the numeral for "one.")

RELATIONS BETWEEN UNITS OF VOLUME AND CAPACITY

1 ml = 1 cm3
1 liter = 1.06 quarts

Observe that one cubic meter is not equal to one hundred cubic
centimeters but to 100 x 100 x100, or 1,000,000 cubic centimeters.
The reason is that one million cubes with sides of one centimeter
can be fitted into a cube whose sides are one meter.
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Also given in the table are units of capacity. The basic unit
of capacity is the liter, which is approximately equal to a quart.
The milliliter is one-thousandth of a liter. When the metric system
was established, the milliliter was equivalent to the cubic centi-
meter; but by modern definitions, one milliliter is equivalent to
1.600028 cubic centimeters.

PROBLEM SET 5:

In Questions 1 through 4 be sure to include appropriate cubic units
in your answers.

1. V = Zwh w = 1.5 cm

=10 cm h = 2 cm

a. What is the volume? (Substitute the given numbers into the

formula to get a numerical answer.)

b. What is the solid?

1
2. V = 2 abh

a = 20 m

b = 1.3 m

h = 9.1 m

a. What is the volume?

b. What is the solid?

3. V =
1

1
+ b

2
)ah

b
1
= 6 cm a = 5 cm

1
b
2
= 5 cm h = cm
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a. What is the volume?

b. What is the solid?

4. V = irr
2
h

= 3.14

r = 9 m

1
h = -3-m

a. What is the volume?

b. What is the solid?

5. Using the following formulas, compute volumes when bl = 8 cm,

b
2
= 14 cm, a = 5 cm, h = 10 cm. Be sure to include the proper units

along with the numerical part of the answer.

a. (b
1

b
1

) a

b. (b
1

b
2
)a

1c. -2-(b
2
a)h

1
d. -2-(b

2
h) a

1
e. -f(16

1
+ b

2
)a h

1
f. -f(b

1
+ b

2
)a h (b

1
a) h

g. (b2 a) h +
1 (b2 - bi)a h

6. Assume for the following problems that volume equals areas of

the base times the height (V = Ab h). Using this formula, find the

unknown quantities.

a. A
b

= 30 cm2
; h = 10 cm; V = ?

b. Ab = 15 in 2
; h = 5 in; V = ?

c. V = 45 cm 3
; h = 5 cm; A

b
= ?

d. V = 90 mm 3
; A

b
= 45 mm 2

; h = ?

e. V = 1500 m 3
; A

b
= 100 m 2

; h = ?

f. V = 360 in 3
; h = 12 in; A

b
= ?

g- A
b
= 10.5 m2

; h = 0.5 m; V = ?

h. A
b

= 0.36 cm2 ; h = 5.0 cm; V = ?

7. Given that V = 1200 cm3, solve for the unknown quantity.

EXAMPLE: V = 1
(b

1
+ b

2
)ah; b

1
= 10 cm, b

2
= 30 cm, h = 30 cm, a = ?

2
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1200 cm 3
= 1(10 cm + 30 cm) a .30 cm

2

1200 cm3 =
2
.(40 cm) a .30 cm

1200 cm3 = (600 dm2)a

a
500 cm2

1200 cm3

a = 2 cm

a. V = b1 -b2 a; b
1
= 60 cm, b

2
= 2 cm, a = ?

1
b. V = -f(b, -a)h; b

1
= 40 cm, a = 10 cm, h = ?

1
c. V = -f(b, a)h; a = 12 cm, h = 5 cm, b1 = ?

d. V = (b1 b1)a; b1 = 10 cm, a = ?

1
e. V = -f(b, + b2)a-h; h = 10 cm, a = 20 cm; (b1 + b2) = ?

8. A fish tank is in the shape of a simple rectangular with

length 50 cm, width 30 cm, and height 25 cm. Water is filled to 5 cm

from the top.

a. Find the total capacity of the tank.

b. Find the volume of water the tank now holds.

Suppose that 750 cm3
of sand are placed in the tank.

c. What happens to the water level?

d. How far is the water level from the top of the tank now?
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SECTION 6:

6-1 A Two-Dimensional Universe

You are a thre.,:.-dimensional object and you live in three-
dimensional space. fOU are familiar with how things are in a
three-dimensional universe: objects have height, width and thick-
ness. You can move forward and back, up and down, and right and
left. When you look at a three-dimensional sphere, you see its
outline as a two-dimensional circle. The shadow of a three-dimen-
sional object has two dimensions.

Imagine how life would be in Flatland, a two-dimensional uni-
verse. The surface of this page is an example of a portion of a
two-dimensional universe. (The entire universe would extend in-
finitely in the two dimensions.) The letters on this page are two-
dimensional objects: They have height and width but no thickness
(if the thickness of the ink is ignored).

Suppose these letters to be creatures in Flatland. What would
one letter look like to another? If you view a piece of paper from
its edge, you will see a line segment. Likewise, one letter would
appear to another to be a line segment.

(Our Flatland analogy is not perfect. A true two-dimensional
object, such as a shadow, has no thickness at all and is invisible
when viewed from the side. The same imperfection will occur when
we consider lines, which have no thickness, and points, since a
true point has no dimensions and is therefore not visible.)

What would inside and outside mean to the letter-creatures?
Would one letter be able to see the inside of another letter? Be-
ing three-dimensional, we are able to see the area within the let-
ter "0", but a Flatland neighbor "N" could not. N would have to
be able to see "over" 0 and "over" is not a direction available to
him. N could no more see the inside of 0 than you can see the
lungs of a friend.

If a sphere passed through the plane of Flatland, it would
appear to a letter-creature briefly as a point, then as a line,
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then as a point again, and finally disappear.

point

line segment

point

Flatlanders would not be able to communicate by writing let-
ters as we do. Can you suggest a method of written communication
they could use?

6-2 A One-Dimensional Universe

The shadow of a three-dimensional object has two dimensions,
but the shadow of a creature in two-dimensional Flatland has one
dimension.

LIGHT
SOURCE
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Consider now a universe confined to one dimension. Everything
would take place along a. line. We will call this universe Line-
land. The only shapes possible for creatures in this world would
be line segments and points.

MENIMIMIMIMMIWIMIIM

INHANTANTS OF LINELANO

Many aspects of Lineland would seem odd to us. If the line-
segment creatures who inhabited Lineland had an eye at each end-
point, they could see at most two other creatures. Each of the
neighboring Linelanders would appear to be a point. The outside
of a Linelander would be the end points of his line segment. The
rest of his line segment would be his insides, which would not be
visible to his friends along the line. If Linelanders wished to
communicate with one another, they could not send written messages,
but they might communicate by touch.

Linelanders would not be able to amuse themselves with our
sports of football or basketball or tennis. Our one sport which
they might enjoy is tug-of-war.

If a letter 0 from Flatland passed through Lineland, to the
two nearby line-segment creatures he would appear as a point.

While he was passing through the line, he would appear to these
creatures to be no different from another Linelander. When 0 had
passed through, he would disappear as suddenly as he had appeared.

If a sphere passed through Lineland, it would also appear as
a point, then disappear. A Linelander would be unable to distin-
guish between a sphere and a circle.

6-3 Our Three-Dimensional Universe

As inhabitants of Spaceland, our three-dimensional universe,
we smile at the simple-minded ways of Flatlanders and Linelanders.
We think that if they could be in three-dimensions, they could see
things as they really are.
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However, there is a disturbing question which science-fiction
writers are fond of asking. Could there be four- or five-dimen-
sional creatures, who laugh at us and our simple-minded three-
dimensional ways?

How would a four-dimensional creature appear to us as he
passed through Spaceland? A circle passing through Lineland ap-
pears to have only one dimension. A sphere passing through Flat-
land appears as a point, which grows to a circle, then shrinks to
a point and disappears as it goes past. In the same way, a four-
dimensional "sphere" passing through our universe would appear as
a point, which would grow into a three-dimensional sphere, then
shrink to a point and disappear. The "shadow" of a four-dimensional
being would appear to us as three-dimensional.

If you saw a point appear suddenly, grow to a sphere, shrink
and finally disappear, would you believe it to be a four-dimensional
creature just passing through? Do you think you could convince
anyone else that what you saw was a visitor from the land of four
dimensions?

No physical scientist has suggested that there is a fourth
dimension in space. No theory of the universe requires a fourth
spatial dimension. However, mathematics need not restrict itself
to what a physical scientist considers to be reality.

6-4 Units Which Are Ratios

We are paying much attention to the three spatial measures
length, area and volume. These are among the most basic of measures.
It is important that vou recognize what each one measures. Each is
an example of a simple measure. Many things cannot be measured by
means of a simple measure. Perhaps the most common examples of non-
simple measures are measures of speed. For example, kilometers per
hour and miles per hour are both measures of speed. Both are ratios.
They compare length (either kilometers or miles) to time. Many other
measures are of the non-simple variety. For example, density and
pressure are non-simple measures.

Let's consider density for a while. Suppose we have two pillows
which have the same volume. Furthermore, suppose that some practical
joker has filled one of the pillows with buckshot and the other with
feathers.
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How could we tell them apart? Obviously, we could try lifting both
pillows. The heavier pillow would be the one with the lead in it.
Does this mean that lead is heavier than feathers? No, it does not.
We could, if we wanted to, round up enough feathers to outweigh the
lead pillow. If we want to say something about the relative weights
of a given amount of lead or feathers, then we must also say some-
thing about the volumes of lead and feathers in realtion to their
weights. Scientists use the idea of density to describe the volume
related differences in weight between lead and feathers. Density is
the ratio of the mass (or weight) of an object to its volume,

M
P =

where p (the Greek letter "rho") equals density, M = mass, and
V = volume.

Lead has a density of about 11 grams per cubic centimeter.
Feathers have a density of about .1 gram per cubic centimer when
they are completely fluffed up. The density of solids or liquids
does not change with the amount being considered. A ton of lead has
the same density as a gram of lead. We will illustrate this point
with a couple of numerical examples.

EXAMPLE 1:

Mass = 2260 grams of lead

Volume = 200 cubic centimeters

EXAMPLE 2:

Mass = 3.36 g of lead

Volume = .3 cm 3

P = ? P = ?

SOLUTION: SOLUTION:

Mp = Mp =

2260 g
=

3.39 g

200 cm 3 P
.3 cm 3

11.3 g 11.3 g
P

3
0 =

3cm cm

The density of a solid or liquid substance is a constant physical
property of the substance. Tables of densities may be found in various
places. Most physics books will have a density table. To find it,
look up "density" in the index at the end of the book. The same proce-
dure may be used to find the density table in the CRC Handbook of
Chemistry and Physics. Feel free to use these references to answer
any problem in the problem set. For example, suppose we give you the
mass and volume of a sample of copper and ask you to find its density.
Instead of calculating it from the numerical information, you can
feel free to look it up in a book.
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PROBLEM SET 6:

1. To a Flatlander a circle looks like a (point, line, circle).

2. Describe what a Flatlander sees as'a sphere passes through his
world.

3. If a Linelander had an eye on each end, how many other Lindlanders
could he see? (or, what is the maximum number of other railroad

cars that may be attached to a single railroad car?"

4. What sport might Linelanders enjoy?

5. If a four dimensional creature made an appearance to us Space-

landers, how many dimensions would he appear to have?

For Problems 6 through 16 find the density

P =

where p = density

M = mass

V = volume

6. Aluminum: mass =

volume

81 g

= 30 cm 3

7. Silver: mass =

volume

105 g

= 10 cm
3

8. Silver: mass =

volume

714 g

= 68 cm3

9. Gold: mass =

volume

47.3 kg

= 2450 cm 3

10. Copper: mass =

volume

547 g

= 61.2 cm3

11. Copper: mass =

volume

48.0 g

= 5.37 cm 3

v7
12. Chromium: mass =

volume

97.3.9

= 13.63 cm 3
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13. Chromium: mass = 28.2 g

Volume = 3.95 cm
3

14. Titanium: mass = 157.2 g

volume = 34.93 cm3

15. A lead weight is dropped into a graduated cylinder. The level
of the water in the cylinder increases from 50.0 to 52.5 ml. The

mass of the weight is 28.25 g. What is the density of the lead
weight?

16. A piece of wood is weighed. It's mass is found to be 48 g.
When it is held under water in a graduated cylinder, it increases

the water level from 30m1 to 90 ml. What is the density of the
piece of wood?

5 8
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SECTION 7:

7-1 Conversion Factors and Dimensional Algebra

One of the practical necessities of doing numerical work with
units of measure is the ability to change from one measure to another.
For example, you should be able to convert centimeters to meters,
or kilograms to grams. In this section you will see how such conver-
sions can be performed.

Consider the problem of expressing a length of 6 feet in units
of centimeters. We begin by recalling the relation between feet and
inches, and between inches and centimeters.

1 ft = 12 in

1 in = 2.54 cm

We may divide both sides of the first equation by 1 ft.

1 ft 12 in
1 ft 1 ft

Since the ratio of 1 ft to 1 ft is 1, we may rewrite the equation

1 = 12 in
1 ft

We may similarly divide both sides of the equation 1 in =2.54 cm
by 1 in.

Since

we may write

1 in 2.54 cm
1 in 1 in

2.54 cm
1 in

6 ft 1 1 = 6 ft,

6 ft 12 in 2.54 cm
1 ft 1 in 6 ft.

Observe that the ratio of 6 feet to 1 foot is 6.

6 ft
1 ft

The equation suggests that we are allowed to cancel the "ft" in
the numerator and the "ft" in the denominator.
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6

1 .fft--

Canceling units is an important part of the method being developed.

We return to the conversion of 6 feet to centimeters.

6 ft
1 ft 1 in
12 in 2.54 cm

ft.

We may cancel the "ft" on the top with the "ft" on the bottom, and
the "in" on the top with the "in" on the bottom.

12 2.54 cm
6 ...t-tr 6 ft.

1 1 Jr

Removing the canceled units reduces the equation to

6 . 12 2.5j. cm = 6 ft.

We perform the multiplications on the left side of the equation to
obtain

183 cm = 6 ft,

12
ft
in 2.1

in
54 cmTerms ,

1
:iuch as and are called conversion factors. It

is essential to write the conversion factors in such a way that the
units may be canceled, In the previous problem the conversion fac-

tor used to convert feet to inches was written and not 1 ft
1 ft 12 in*1 ftIf we had tried to use

obtained the equation
12 f-Iri

as a conversion factor, we would have

1 ft 2.54 cm6 ft 6 ft.12 in 1 in

The units "ft" occur twice on the top and the units "in" twice on
the bottom, so that no cancellation is possible. There is a rule
for choosing a conversion factor. If the unit to be canceled is

on thetop, the same unit should appear on the bottom of the con-
version factor, and vice versa.

A ,second rule to remember is that a conversion factor must be

equal to 1. If units of length are being converted, the length

represented by the top of the conversion factor must be equivalent
into the length represented by the bottom. 12
ft is a conversion

1
factor because a length of 12 inches is equivalent to a length of
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1 foot.
2.1 5in cm is a conversion factor because 2.54 centimeters

is equivalent to 1 inch.

The processes of multiplying by conversion factors and can-

cellation of units is often referred to as dimensional algebra.

The advantage of using these techniques is illustrated by the fol-

lowing examples.

EXAMPLE:

Convert 4 pounds into grams, given that 2.2 lb = 1 kg and

that 1 kg= 1000 g.

SOLUTION:

Since the unit "lb" appears on the top, we require a conver-

oion factor with "lb" on the bottom.

1 kg
2.2 lb

is a conversion factor because

21 2 l
kg

= 1..b
A second conversion factor is required, in which the unit "kg"

is on the bottom. Since

1000 g
1 kg is the desired conversion factor.

1000 g
1 kg

We may thus write

14 lb = 4 lb kg 1000 g
2.2 lb 1 kg

1 ic-er 1000 g
4-1--kr

2.2 -1tr 1 ircer

= 4
2

1000 g.
.1 2

The last equation is further simplified.

4 lb = 1.818 x 1000 g or 1818 g

EXAMPLE:

Convert 60 miles per hour into feet per second, given that

1 hr = 60 min, 1 min = 60 sec and 1 mi = 5820 ft.
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SOLUTION:

The following three conversion factors are required.

1 hr
60 min

1 min
60 sec

5280 ft
1 mi

We use these conversion factors to write

mi 1 err 5280 ft60 - 60
hr 60 tai-n-- 60 sec 1 Jai

= 88 ft
sec

7-2 Another Use of Dimensional Algebra

In this section we will examine a type of problem which is

similar to a problem in converting units. However, the conversion

factors are terms which do not always represent a conversion be-

tween two units of measurement.

Consider the following problem. Each park in a certain town

has 18 oak trees, and each oak tree has 200 acorns. How many acorns

are in a park?

Given the quantities 18 oak trees
and1 park

determine the number of acorns in a park.

200 acorns
1 oak tree' we may easily

18 oak trees 200 acorns
3600

acorns
1 park 1 oak tree park

Observe that the conversion factor

200 acorns
1 oak tree

is equivalent to 1 only for the purposes of this particular problem.

In this particular case, it is possible to cancel units in the same

way as in the previous unit conversion problems.

oak-tfee acorns acorns
park ogis.,tfee park
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PROBLEM SET 7:

1. The teacher will assign you one of the units from the following list to

define in terms of metric units.

a. furlong n. league aa. micron

b. rod o. gill ab. grain

c. link p. palm ac. pennyweight

d. chain q. imperial gallon ad. scruple

e. pole r. minim ae. troy ounce

f. cord-foot s. drop af. stone

g. cord t. fluid dram ag. barn

h. fortnight u. centare ah. pottle

i. astronomical year v. hectare ai. skein

j. fathom w. quintal (metric) aj. span

k. cable x. stere (pronounced "STEER") ak. ell

1. hand y. are (pronounced, "AIR") al. noggin

m. nautical mile z. myriameter am. butt

Problems 2 through 10 are expressions converting one set of units to another.

In some cases the conversion factors are written correctly; in other cases, a

conversion factor is inverted. If the conversion factors of an expression are

written correctly, write "correct." If a conversion factor is inverted, identify

the factor and write it correctly.

drops 2 clouds drops
2. 600,000 1,200,000 ---,

cloud sky sky

3. 80 = 115 200
heartbeats 60 minutes day heartbeats

,minute hour 24 hours day

4. 600 = 7200
kernals plant kernals
cob 12 cobs plant

ml 16 breaths 60 min day yr ml
5. 300

breath min hr 24 hr 365 days 2,520,000,000 37
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grains 16.2 minims gram grams
6. 12.9

minim ml 15.4 grain
13.6

ml

rats 14 cages 6 laboratories rats
7. 2 - = 168

cage laboratory school school

drams 29.6 ml 1.77 grams grams
8. 14.9

fluid oz fluid oz dram ml

9. 6.6
inches 24 hr 14 days rod

= 11.2
rods

hr day fortnight 198 inches fortnight

10. 90,000,000 sec
min hr day 365 days 100 years

60 sec 60 min 24 hr year century

= .0285 centuries

In Problems 11 through 17, supply the missing units and, if necessary, the entire

conversion factor. Be sure the proper unit is on top and the proper unit is on

the bottom. It is not necessary to perform the indicated multiplications and

divisions (unless you wish to check your work).

0

r

min
11. .18 hr

6h
(?) = 648 sec

ft mile miles
12. 88 (?) 60

sec 5280 ft

13. 4,000,000 -2-211--.! (9)
kg kg

liter 1000 g liter

14. 15.1 (?)
gallons kg kg

8
3.8 liters 2.2 lb

1.
liter

15. 1.31 -g- (?) kg
liter

16. 1200 (?) 23
breaths liters liters

.

min 1000 ml min

II IOLO1

students 18 classes 1
17. 30 (?) = 270 IL

class school 2

Perform the following unit conversions. Show all work.

18. 3 miles to km.

Use 1 mile = 5280 ft

1 ft = .305 m

1000 m = 1 km
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19. 2 lb to kg.

Use 1 lb = 16 oz.

1 oz = 28.35 g

1000 g = 1 kg

mi

y
km

20. 720 day to

Use 1 day = 24 hr

1 mi = 1.61 km

21. 960 minims to pints.

Use 60 minims = 1 fluid draM

8 fluid drams = 1 fluid ounce

16 fluid ounces = 1 pint

lb
to22. 8.36

gallon liter

Use 2.2 lb = 1 kg

1 gal = 3.8 liters

23. Nancy Nicotine smokes a pack of cigarettes a day. A pack contains 20 cigarettes.

How many cigarettes does Nancy smoke during a year?

24. A diver is using air at a rate of 300 gallons per hour. What is his rate in

liters per minute? (1 gallon = 3.79 liters.)

25. Records show that during 1970 one industry in the San Francisco Bay Area released

pollutants into the atmosphere at the rate of 2760
hr

. What was the rate in tons per

day? (1 ton = 2000 lb, 1 kg = 2.2 lb.) Round your answer to the nearest ton.

6 .)
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SECTION 8:

8-1 Measurement

In this unit we, occasionally define words and examine concepts
which are so basic as to seem unnecessary or impossible to define.
For example, we discussed earlier the meaning of the word "length."

In this section we consider the concept of measurement. The
word "measure" was used in the discussion of length and area, and
you will soon be using measurements as ordered pairs to be graphed.
This is therefore an appropriate point at which to discuss measure-
ment.

First, it should be pointed out that the word "measurement"
has two different meanings. The word is used both to describe the
act of measuring and the numerical result that is obtained. Thus
determining the length of a line segment involves the act of mea-
surement, while 6.25 centimeters is referred to as a measurement.

The most rudimentary type of measurement involves answering a
question that requires an answer of yes or no. The idea that an-
swering such a question as "Does Leroy have a fever?" or "Is George
dead?" involves measurement may seem strange to you. We will dis-
cuss the idea after considering two other types of measurements.

A second type of measilif ment is counting. Counting is required
to answer a question of the. type, "How many pennies are in Mark's
pocket?" or "How many towns are in California?" This type of ques-
tion requires that the answer be a whole number. Mark could not
have a fraction of a penny in his pocket, nor could California have
a fractional number of towns. A feature of this type of question
is that the correct answer is exact.

The measurements required to answer the third type of question
cannot be exact. Questions such as, "How tall is Anne?" call for
numbers that lie on a continuous scale, like points on a number
line. Anne's height may be 1.75 meters, it may be 1.7515 meters,
or it may be 1.751575836 meters. There is no limit to the precision
with which we could state Anne's height. There is a limit, however,
to the precision with which we can measure her height: we are limited
by the precision of the device we use for measuring.

The process of measuring involves comparing the object being
measured to a standard. To answer the question, "Does Leroy have a
fever?", we need a standard definition of "fever" with which to com-
pare Leroy's condition. To answer the question, "Is George dead?",
we need a standard definition of "dead" with which to compare
George's condition. Such a comparison is a qualitative measurement.

To answer the question, "How many pennies are in Mark's pock-
et?", a different type of standard is required. This standard is
the set of natural numbers. Comparison is made by setting each

6 6
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penny in one-to-one correspondence with a number.

Set of pennies

Natural numbers

Counting objects is one type of quantitative measurement.

Another type of quantitative measurement is required to answer
the question, "How tall is Anne?" The word "tall" calls for a com-
parison of lengths. Anne's length is compared to a number line which
is scaled so that one unit is a standard length, such as a foot or a
meter. However, unlike counting, our measurement will commonly contain
a fraction of a unit.

2 METERS

1.5 METERS

1 METER

.5 METER

0
NUMBER LINE

Look at the diagram above. Try to determine Anne's height in meters.
Notice that her height does not fall exactly on a divison. It is between
1.7 m and 1.8 m.

If you look very closely, you will see that the "H" line appears to
be about halfway between 1.7 m and 1.8 m. 1.75 m is halfway between
1.7 and 1,8 meters [1.75 = (1.8 + 1.7) 2]. We will call 1.75 m the
most precise measurement possible in this given situation.

This process for finding the most precise measurement of Anne's
height is common. In this course you will often be called on to read
scales. It is impossible to do good lab work in a hurry. To do it well
you must take your time. Especially at first. Haste in scale reading
will cause your answers to be more imprecise than is necessary. The
quality of your lab work is greatly dependent on the habits you have.
Sloppy, hasty, scale reading is a bad habit. Do not develop it now with
the thought of changing it later when the results are more important.
As you know, bad habits are hard to break. It is always a good policy
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to develop good habits right from the start. They will never have
to be broken.

In summary, there are three kinds of measurement. One kind is
qualitative (yes-no) and the other two are quantitative. Of the
quantitative kinds of measurement, one kind is exact (counting) and
the other (comparison to a continuous scale) requires careful
scale reading.

8-2 Precision and Imprecision

Precision is a measure of the limits of the reproducibility of
a measurement. In this case the reproducibility is closely related
to the limits of careful scaling reading. 1.75 m is the most pre-
cise measurement of Anne's height that we can make from the drawing.
However, it is extremely unlikely that her height is exactly 1.75 m.
For example, suppose Anne's true height was closer to 1.751 m than
1.750 m. Would we be able to tell the difference just by a closer
look at the diagram? The answer is no. The precision that we are
able to achieve is limited by the measuring instrument we are using.

How far away from 1.75 m could Anne's true height be and yet be
impossible to detect on the scale? To answer this question we must
first determine the smallest and largest possible scale readings.
Could Anne's height be as little as 1.74 m? Look at the diagram now.
Look as closely as you can without developing eyestrain. The question
is, "Could 'H' be located as little below halfway between 1.7 m and
1.8 meters?

The safest answer is that 'H' is at least 1.74 m. In other words:

H > 1.74 m

The next logical step in establishing the bounds of possibility
is to find a upper boundary for 'H'. In other words, how large might
'H' be? Look once again at the diagram.

For the sake of argument we are going to say that we are certain
that 'H' couldn't possibly be more than 1.76 m. In mathematical sym-
bolism we write:

H < 1.76 m

By combining these two observations we can say that we are certain
that 'H' falls between 1.74 and 1.76 on the scale. One way to represent
this information is:

1.74 < H < 1.76

There is a much more compact way to say the same thing. It is:

H = 1.75 ± .01

We call this statement a range of imprecision. It is one way of
saying that we are reasonably certain that the position of 'H' on the
scale does not vary more than .01 m (1 cm) from 1.75 m. The diagram
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below describes the new terminology associated with the idea of
precision.

. 01

midpoint imprecision

range of imprecision

For algebraic purposes a range of imprecision is often stated

x ± Ax

where "x" represcnt6 the midpoint and "Ax" represents the imprecision.
The small triangle, A, is the Greek letter delta. The "d" in delta
is supposed to remind people that "differences" are involved. In this
case it is the distance between an endpoint (either x + Ax or x - Ax)
and the midpoint (x).

In summary, the precision attainable with a given measuring instru-
ment will always be limited. We may make more and more precise measure-
ments (less and less imprecise) by using better and better instruments..
But we can never measure anything exactly in a continuous scale type
measurement. Therefore, we write a range of imprecision, (for example
1.75 ± .01) to specify the precision attainable with a given measuring
instrument.

8-3 More About Estimating Imprecision

We'll give you another example of careful scale reading. Keep one
thing in mind; this procedure calls for human judgment. Therefore, one
person's best estimate will vary somewhat from another's.

EXAMPLE:

Find the range of imprecision for the position of the arrow B.

300 600
400 500

III I

4+ 4
A B C

SOLUTION:

First, we discover the meaning of the unmarked divisions. Notice
that they lie halfway between the 100's divisions; therefore, the little
divisions are 50 away from a big division.

Second, we visually estimate the fraction of a division indicated
by the arrow. A reasonable guess is that B (the arrow) lies about one
third of the way from point A to point C (that is, from 550 to 600).
The numerical value of this distance is one third of 50.

1
T x .50 = 16.666 ...
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Since we're estimating in the first place, we won't be fussy about all
those trailing 6's. We round off as shown below.

16.666 ... = 17

Why 17? 17 is a more convenient number than 163 we certainly couldn't
3

tell the difference between 16-2 and 17 on the scale. To find the
3

scale reading represented by the arrow, we add 550 and 17 to get 567.
567 is now a candidate for the midpoint of a range of imprecision.

There is another way to estimate the midpoint which involves less
guess work. We take out our metric ruler and measure AB and AC.

length of AB = 4mm

length of AC = 14 mm

Then we reason that B lies 4 ths of
4

the way from A to C; therefore,
14the distance represented by AB isllths of 50.

50
4 100

=

7

= 14.28

= 14

Now, we get our estimate of the midpoint by adding 14 and 550 to get 564.
This is our second candidate for a midpoint of a range of imprecision.

Either one (567 or 564) is okay. Two independent estimates will
seldom agree exactly. Since we must choose only one before we go on,
we choose the 567 estimate. People who read scales rarely pull out a
ruler and measure. Therefore, we'll choose 567 because this figure
was actually obtained by eyeball judgment.

Thirdly, we estimate the imprecision of our estimate (567). Five
is one-tenth of the distance between the smallest divisions. This is
generally a good method for choosing :numerical value of the impre-
cision. That is, it should be one-tenl of the distance between the
smallest divisions. This rule of thumb becomes impossible to apply if
the smallest divisions are very small or very large. However, it will
work in the majority of cases.

Finally we put our estimated midpoint (567) and our estimated impre-
cision (5) together to get a range of imprecision.

567 ± 5

Notice that our more accurately estimated midpoint (564) lies within this
range of imprecision.
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8-4 Graphs of Ranges of Imprecision

Graphs help people visualize new ideas. With this in mind we'll
show you how to graph and interpret graphs of ranges of imprecision.

PROBLEM:

Graph 2.15 ± .25 on the number line given below.

SOLUTION:

First we note that each small division means one-tenth (.1).

Second we see that we are asked to graph 2.15 and that 2.15 is
not a whole tenth. However, we do know that 2.15 is between 2.10 and
2.20. We can find these two points on the given number line. When
these two points are located we place 2.15 halfway between them.

215

1+H-H-F-1 ' '4,1111}Hlifillli;HIIIIHIH111111
0 1 2. 3 4 5

2.1 2.2

Thirdly, we take care of the ±.25 expression. Since 2.15 + .25 = 2.40
and 2.15 - .25 = 1.90, the points 2.4 and 1.9 will be the endpoints
of our range.

Finally, since a range of imprecision represents all of the points
between the endpoints, we shade in this region.

PROBLEM:

68

#Z/51.25

11111111(1111H 1H1
0 > z 3 5

1.9 2.4

Interpret the range of imprecision graphed below.

0 > 2 3 4
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SOLUTION:

To solve this problem we reverse the procedure of the previous
problem. We first find the endpoints of the range. They are 3.4 and
2.7. The midpoint is found by adding these two numbers and dividing
by two (averaging).

midpoint 2.7 + 3.4
2

6.1
2

= 3.05

The imprecision is the distance from the midpoint to either one of the
endpoints.

imprecision = 3.4 - 3.05

= .35

or, imprecision = 3.05 - 2.70

= .35

Finally, we write:

3.05 ± .35

for the range of imprecision.

8-5 Measurement of Pulse Rate

One type of measurement that involves a range of uncertainty is
the measurement of pulse rate.

PULSES

k

The drawing shows heartbeats as they might be represented by a
recording device. The distances from A to A' and from B to B' each
represent a time interval of 15 seconds.

To determine a pulse rate you could count the number of beats
in a 15-second interval. However, if you count the beats in the in-
terval between A and A', you will find the number to be 15; while if
you count the beats between B and B', you will get 16. Apparently
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the number of beats in an interval depends upon when the interval
begins. This problem may be accounted for by expressing the number
of beats as a range of uncertainty. Since the count can never vary
by more than one beat, the error is ±1.

If we measured a pulse rate for 15 seconds and counted 17 beats,
we would know that the true number could be no greater than 18 nor
less than 16. We would report our measurement as 17 ± 1 beats per
15 seconds.

If we were requested to report the pulse rate in beats per min-
ute, we would note that the most the rate could be is

4(17 + 1) = 72 beats per minute

and the least the rate could be is

4(17 - 1) = 64 beats per minute.

We would therefore report the pulse rate as 68 ± 4 beats per minute.

PROBLEM SET 8:

For Questions 1 through 11 write

Y-N for a qualitative type measurement

C for a counting type measurement

CS for a continuous scale type measurement

depending on what it requires to answer the question.

1. How many ducks does Elmo have in his pocket?

2. How far is it to the moon?

3. Is Elmo drunk?

4. Is Norbert Numnitz awake?

5. How high is this tree?

6. How long is a class period? ("Too long" is an unacceptable answer.)

7. How many periods are there in a school day? (Ditto for "too many.")

8. Is a class period longer than 20 minutes?

9. Does that gas pump have its nozzle in the wrong slot?

10. How many gas pumps are there in the U.S.A.?

11. How much gas does a gas pump pump in a day?

7,e
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12, Copy the diagram and fill in Y-N, C, and CS in the empty boxes.

13.

[measurement I

iqualitative

a. What is the low end point (L) of the range of imprecision
(L = ?).

b. What is the high endpoint (H) of the range of precision (H = ?).

c. Average your answers to parts a and b. This is the midpoint

(m)
2

L + H ,

./

d. What is the distance from the midpoint to an endpoint? This

is the imprecision of the range of imprecision.

14.

e. Write the range of imprecision which describes the shaded region.

1:1!0.0!f1H1W!,:1!!Ii-L!'!Ir !

o 1 2

a. What is the low endpoint?

b. What is the high endpoint?

4
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c. What is the midpoint?

d. Write the appropriate range of imprecision.

For Problems 15 through 18 write the range of imprecision which
describes the shaded region.

15.

0 > 2 3 4 5

16.

17. Noitce the change of scale

HI I ;I!' Hi4P-Hoillil:HTWi
0 10 .20 30 40 50

18.

19.

0 10 20 30 10 50

0 .1 .2. .3 .4- .5

For Problems 20 through 24 sketch in ranges of imprecision on your
own sheet of graph paper.

20. ;3 ± 2

21. .4 ± .01

22. 4.35 ± .15

23. 38 ± 2.5

24. .46 ± .01

For Problems 25 through 33 determine the distance between the closest
diviiions.

EXAMPLE:

1/2 34

72 75

d = 1

4



25.

26.
0

1 I I I I I I 1

0
27.

0
28.

29.

0.1 0.3
30.

010
31. I

1 1 1 1 I 1 1 1
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32.

33.

o0c. 120°C

I I I

100

11111
160

See Section 8-3 for more details relating to the following problem.

3
34.

a. What is the distance between the closest division?

t. The arrow is located between two divisions. What are the

merlings of these two divisions?

c. What fraction of a division does the arrow cut off? (Use your

own judgment or measure, as you wish.)

d. What distance does the fraction of part c represent?

e. What is your "best guess" for the value of the midpoint.

f. Use the "one tenth of the smallest division" rule of thumb to

find the imprecision.

g. Write a range of imprecision which describes the position of

the arrow.
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For Problems 35 through 40 write a range of imprecision which describes

the location of the arrow. Use the "one tenth of the closest divisons"
rule for the imprecision.

35.
.1

1

36. 9.0

I I

1.0
37.

38. 1.0

39, 20°C

I

100
40.

3

12.0

10.0

1 1 1

11.0

I 1 I

E.0
3.0

3.0

,1,111,1,11

5.0

6dc
30°C 4 0ec 5000

I 1 I 1 I 1

400
2.00 300
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41.

A

B

55ec.

134/

1.11f

a. Measure the lines segments AA' and BB'. State the length
of these line segments in cm.

b. The two lines represent (equal, unequal) lengths of time.

c. Count the peaks between A and A'.

d. Count the peaks between B and B'.

e. What is the difference between the answers to parts c and d?

f. After you take a pulse reading, do you have any way of knowing
whether your answer is one pulse high or one pulse low.

g. What is the imprecision of a pulse count? In other words,
after you count pulses you can be sure that your count is within

of the true count?
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SECTION 9:

9-1 The Fair Packaging and Labeling Act

During the next two days, you will study the regulations of

The Federal Trade Commission (FTC) under the Fair Packaging and

Labeling Act of 1966. Among other things, these regulations say

that every package or container must be clearly labeled as to how
much of the product it contains--how many ounces, gallons, square
feet, or whatever.

In particular, the regulations say that the letters and numbers

in this statement. of contents must be at least a certain minimum
size. This minimum size depends on the size of the container--not

the size of the label.

This is the part of the FTC regulations which you will concen-
trate on in class. You will bring your own package to class, and

check it to see whether it satisfies the regulations.

You will be measuring lengths and calculating certain areas of
these packages. These areas may be used to see whether the packages
are legally labeled.

9-2 Deciphering the Regulations

As you read through the regulations (they may be found at the

end of this section), you will see that they are difficult reading

and not very easy to understand. Although they may look like

Greek, they are actually written in a strange lingo called "bu-

reaucratese"--the native tongue of bureaucrats the world over.

These regulations would-be easier to understand if we trans-

lated them for you into plain English. However, in the real world

outside the classroom it is often the bureaucrats who run the show,

and this may be true in some biomedical fields, as well. Therefore,

it will be good training for you to struggle with these regulations

in their original form and try to figure out what they mean.

In order to provide some guidelines to clarify some of the

fuzzier points to keep you from getting too frustrated, here are

some things you should watch for.

8p
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9-3 Cylindrical Containers

The word "circumference" is misused in the definition of the

"principal display panel," although it is used correctly in Examples
1 and 4. The word "circumference," of course, means the distance

around the edge of a circle or disc.

So the circumference of a cylindrical container (such as a
soup can or a wine bottle) is a circular distance around the side
of the container. What we are really interested in is not the cir-
cumference of the container but the cylindrical surface around the
side of the container.

For a can, this is the entire surface except for the top and
bottom lids. For a cylindrical bottle, this is the surface not
including the bottom, the shoulder and the neck. Figure 1 illus-
trates this.

51-1OULDEZ Ah. 1p AJEGK.

FIGURE 1 _<

Where does the 40% come in? When a bottle or can stands on

a display shelf, 50% of the cylindrical surface is invisible--the

backside of the container. Another 10% or so along the sides is

visible, but you can't read anything on this part of the surface

because the line of sight is wrong. This leaves about 40% of the

cylindrical surface that can be clearly seen from the front. This

40% is the principal display area of the container (see Figure 1).
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9-4 Minimum Type Size

If the statement of contents is all in capital letters, then

these letters, and the numerals, must all be at least as tall as
the minimum type size. But if the statement contains any small

letters, then the minimum type size refers to the body size of

the small letters, that is, the height of the small letter "0"

or "x", not the height of a letter such as "h" or "p."

Also notice that the minimum type size depends on the size of

the container. In particular, it depends on the size of that part

of the container which you are most likely to see on a store

shelf, that is, the "principal display area." The type size does

not depend on the size of the label. This prevents the manufacturer

from using tiny type on a tiny label on a huge box.

Finally, all the fuss and bother about type sizes boils down

to the following simple statements.

Let A =

If A <

If 5 <

If 25 <

If 100

If 400

area of the principal display panel in inches 2
.

1
i5 then the minimum type size is IT n.

1iA < 25 then the minimum type size is kin.

3
iA < 100 then the minimum type size is rxn.

1i< A < 400 then the minimum type size is Tn.

< A then the minimum type size is tin.

These are the minimum sizes when the statement of net contents is

printed on a label, or directly on the container. However, if

this statement is blown or embossed directly on the surface of

the container (such as the raised letters molded on the surface
1of a glass bottle), then the minimum sizes are Tx inch larger than

the ones shown above.
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RULES AND REGULATIONS FOR PACKAGING*

Definition of "principal display panel":

(h) The term "principal display panel"
means that part of a label that is most
likely to be displayed, presented, shown,
or examined under o.armal and customary
conditions of display for retail sale. The
principal display panel must be large
enough to accommodate all the man-
datory label information required to be
placed thereon by this part without
obscuring designs, vignettes, or crowding.
This definition does not preclude utiliza-
tion of alternate principal display panels
on the label of a package, but alternate
principal display panels must duplicate
the information required to he placed on

Regulations regarding
contents:

§ 500.18 Type size in relationship to the
area of the principal display panel.

(a) The statement of net quantity of
contents shall be in letters and numerals
in a type size estAlished in relationship
to the area of th.. )rincipal display panel
of the package or ommodity and shall be
uniform for all packages or commodities
of substantially the same size. For this
purpose, "area, of the principal display
panel" means the area of the side or sur-
face that bears the principal display
panel, exclusive of tops, bottoms, flanges
at tops and bottoms of cans, and
shoulders and necks of bottles and jars.
This area shall be:

(1) In the case of a rectangular package
or commodity where one entire side
properly can be considered to be the prin-
'ipal display panel side, the prOduct of
tit: height times the width of that side;

(2) In the case of a cylindrical or
nearly cylindrical container or com-
modity, 40 percent of the product of the
height "of the container or commodity

the principal display panel by this part.
This definittr.n does not preclude utiliza-
tion of the container clostiv: as the sur.
face bearing the principal display panel if
that label location is the one most likely
to be displayed, presented, shown, or
examined under normal and customary
conditions of display for retail sale. The
principal display panel of a label appear-
ing on a cylindrical surface is that 40 per-
cent of the circumference which is most
likely to be displayed, presented, shown,
or examined under normal and customary
conditions of display for retail sale.

type size in the statement of quantity of

times the circumference; and
(3) In the case of any otherwise shaped

container or commodity, 40 percent of
the total surface of the container or com.
modity: Provided, however, That where
such container or commodity presents au
obvious "principal display panel" such as
the top of a triangular or oval shaped con-
tainer, the area shall consist of the entire
top surface.

(b) With area of principal display panel
defined as above, the type size in relation-
ship to area of that panel shall comply
with the following specifications:

(1) Not less than 1/16 inch in height
on packages the principal display panel of
which has an area of 5 square inches or
less.

(2) Not less than 1/8 inch in height on
packages the principal display panel of
which has an area of more than 5 but not
more than 25 square inches.

(3) Not less than 3/16 inch in height
on packages the principal display panel of
which has an area of morf. than 25 but
not more than 100 square inches.

(4) Not lesi than 1/4 inch in height on
packages the principal display panel of
which has an area of more than 100
square inches, except not less than inch
in height if the area is more than 400
square inches.

(c) Where t he statement of net
quantity of contents is blown, embossed,
or molded on a glass or plastic surface
rather than by printing, typing, or color-
ing. the lettering sites specified in para.
graph (b) of this section shall be increased
by 1/16 of an inch.

(d) Letter heights pertain to upper case
or capital letters. When upper and lower
case or all lower cats letters are used, it is
the lower case Tette: or its equivalent
that shall meet the minimum standards.

(e) The ratio of height to width of a
letter shall not exceed a differential of 3
units to 1 unit (no more than 3 times as
high as it is wide).

(I) When fractions are used, each corn.
ponent shall meet one.half the minimum
height standards.

*From "Rules, Regulations, Statement of General Policy or Inter-
pretation and Exemptions Under the Fair Packaging and Labeling Act."
Federal Trade Commission, Oct. 1, 1971.
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BeLLETIN No. 6

\lay 4, 1970

"Type Size to Express
Statement of Quantity of Con

Section 500.18."

It has become apparent that many
Duc kagers are misinterpreting the require.
:tents of Section 500.18 of the FPLA
e:ulations. Section 500.18 requires the
itement of net quantity of contents to

in letters and numerals of a type size
based on the area of the principal display
panel of the package or comntodity. The
area of the principal display panel of the
package is not the same as the area of the
principal display panel of the label.
Section 500.18 also expresses how the
area of the principal display panel of the
package or commodity is measured.

A review of many labels revised by
packagers or labelers to comply with the
requirements of the regulations indicated
'hat some packagers or labelers are using
the area of the principal display panel of
:he Libel as a determinant of the mini-
mum type size to be used to express
quantity of contents. The purpose of this
Bulletin is to emphasize the correct
method to use to determine proper type
size. The following illustrations should
iccomplish this purpose. Included are
,7xamples of the minimum type size
-equirements as they affect declarations

t quanttity repressed in upper and lower
Ise. Section 500.18(d) requires that
Alien lower t.ase letters are used. or when
.pper and luv.er LAW letters are used, the
intorniiin type size relates to the lower
..car letters.

.-.x.imple I

A ,pot Libel is to be applied to a

Lan. The spot label is circular
and ha, diamrL:r of 2 1/4 inches, and

area of less than 5 square inches. Vie
vlindrical can is 5 inches high and has A

diameter of 3 inches. What is the minim-
um size type to be used on the label to
properly express quantity of contents?

ANSWER: While the area of the principal
display panel of the Libel is than 5
square inches the area of the principal dis-
play panel of the can is 40 percent of the

product of the can height X can circum-
ference. Thus, 40 percent of (5 in. X 9.42

) is 18.84 square inches. (Circum-
is 2 pi.r or 2 X 3.14 X 1.5.)

Therefore, the required minimum type
size to express quantity of contents on
the label is 118 inch, in spite of the label
itself having an area of less than 5 square
inches. When :he expression Lakes the
corm of "Net Weight 12 ozs.", the lower
case letters must meet the 1/8 inch
requirement. making the upper case "N"
and "W" somewhat higher than 1/8 inch.

Example 2
A rectangular package is 12 inches high

and 9 inches wide. Printed directly on the
package is labeling which begins 3 inches
from the package top and extends to 3
inches from the bottom, and extends 6
inches across the width of the package.
V..: is the required type size to express .

quantity of contents? The area of the
printed space is 36 square inches.

la

ANSWER: Since the package is rectan-
gular, the area of the principal display
panel of the package is 9 in. X 12 in. or
108 square inches. Therefore, the mini-
mum type size to express quantity of
contents is 1/4 inch. The fact that the
printed portion of the package (label) is
36 square inches has no bearibg on the
minimum type size. The statement "NET
WEIGHT 48 OZS. (3 LBS.)" in this
instance, must have 111 letters and
numerals 1/4 inch high. If printed in the
form of "Net Weight 48 Ozs. (3 lbs.)",
the lower case letters must be 1(4 inch,
thus requiring the upper case "N", "W",
and "0" to be somewhat higher.

Example 3
A liquid cleaner is bottled in a "flat"

plastic bottle. From the bottom of the
flask to the start of the shoulder of the
flask, there is a 10 inch height. The flask
is 6 inches in width. The labeler at times
applies 1 4 in. X 3 in. rectangular paper
label to the face of the flask, but at other
times intends to pack the cleaner fluid in
the same flask but with all labeling
molded on the plastic surface. In what
minimum size type should the quantity
of contents appear (1) can the paper label?
(2) in the molded label information?

ANSWER: Excluding the shoulder of this
"flat" plastic bottle, the area of the prin-
cipal display panel of the bottle is 10 in.
X 6 in., or 60 square inches. A minimum
type size of 3/16 inch is required to
express quantity of contents on the paper
label which itself occupies only 12 square
inches. However, since the regulations
require the mini: .urn type size of molded
labeling to be increased by 1/16 inch, the
minimum type size on the molded flask
must be 1/4 inch.

Example 4
A glass bottle, cylindrical in shape, has

a wrap aroung label. The label has a
principal display panel of 3 in. X 2 in. or
6 square inches. The bottle has a height
of 7 inches exclusive of shuulders and
neck, and a circumference of 8.2 inches.
What is the minimum size print of the
quantity of contents statement?

ANSWER: Since the area of the principal
display panel of the bottle is 40 percent
of the product of height (7 inches) times
circumference (8.2 inches), the area is 23
square inches. The minimum type size of
the quantity of contents statement is 1/8
inch. Notice that the area of the label also
happens to be less than 25 square inches
and more than 5 square inche., but this is
only a coincidence and does not govern
the minimum type size to be used for this
container.
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PROBLEM SET 9:

Read the definition of "principal display panel" carefully

and then answer Questions 1 through 5 true or false.

1. The "principal display panel" is a billboard.

2. The "principal display panel" is part of a label on a product

likely to be seen by customers.

3. The word "preclude" means "permit."

4. The word "circumfce" is used incorrectly in the last sentence.

5. The words "lateral surface area" should have been used instead

of "circumference."

Read 500.18 of the FTC regulations carefully and then answer

Questions 6 through 14 true or false.

6. The "area of the principal display panel" is the area of the label.

7. For a rectangular package, the area of the "panel" is the, same

as the area of the side with the largest area.

8. For a cylindrical container, the area of the "panel" is 40 per

cent of the product of the height and the circumference of the

cylinder.

9. For otherwise shaped containers, the "area of the panel" is

50% of the total surface area of the container.

10.. If the area of the panel is less than 5 square inches, the

minimum type size is 15 inch.

11. If the area of the panel is greater than 5 in2 but less than

or equal to 25 in2, i, the minimum type size is inch. ( "A" is

the "area of the panel.")

12. If 100 in2 < A and also A < 400 in2, then the minimum type

size is 1 inch.

3.3 i: If 25 in2 < A and also A < 100 in2, then the minimum type
3size is T- inch.

8 5
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14. Read Example 1 carefully and then answer the following.

a. What is the circumference of the top surface of the

cylinder?

b. What is the lateral surface area of the cylinder? [A =

(circumference) x (height)].

c. "The area of the display panel" of the can is 40% of the

area found in Part b. Determine the area of the panel.

d. The answer to the example states that the minimum type
1

size is Tin. Where does Bin come from?

e. Is the area of the label used at 111

Should it be?

i) problem?

Use the accompanying chart ;Jhich summarizes type 8izes to

help answer the remaining probler7,

15. A cylindrical package of "puf'2ed oats"

has the dimensions shown.

a. Determine the circumference

of the cylinder's top surfacc.

b. For a cylindrical package

the "area of the principal display,

panel" is defined as 40% of the pack-

age height times the circumference.

Determine that area.

c. Look up the area found in Part b.

on the following chart and determine the

minimum type size necessary, according

to FTC regulations, to express the quantity

of contents.

I
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A, Area of Principal Tiis-
play in Square Inches

Minimum Type
Size

A < 5_ .

1"
16

5 < A < 25 1"
Tf

25 < A < 100 3"
7,-

100 < A < 400 1"
I

400 < A 1"
2

Read Example 2 before doing the next problem.

16. A package of corn flakes is 7" wide and 12" high. The label
is 5" by 5" and is placed in the center of one side. (See

illustration.)

a. ':What is the area of the

"principal display panel" of ,e

package? (Ignore the dimensions

of the label.)

b. Look up the area you found

in Part a on the accompanying chart;

and determine the minimum type size,

according to FTC regulations, to

express the quantity of contents.

IV

pr.

5

Read Example 3 before doing the next problem.

17. A bottle of ammonia has the dimensions shown.

a. Since the flat display

area is approximately rectangular,

the area is in
2

.

b. In what minimum type size

should the quantity of contents

appear on the label?

84
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c. According to FTC regulations, if the quantity is to

i
1appear on the bottle itself (molded), the type must be IT in

higher than that in Part b. How high then must the type on

the bottle he?

Read f7],ample 4 before doing the next problem.

18. Given the glass bottle at the right, determine:

a. the area of the principle display

panel,

b. the minimum type size of the

quantity of contents statement.

The following problem refers to your package or container.

If you don't have one, ask your teacher for one.

19. a. Determine whether your container is cylindrical, rectangulElr

or otherwise shaped. Try to match it with one of the illustrated

containers in the examples.

b. Determine the area of t!le principal display

container. Remember that the method of computing tljs urea will

depend on the shape of your container. Remember also that the

area of the label itself is to be ignored.

c. Look up the area of the accompanying chart and determine

the minimum type size required to express the quantity of contents.

d. Find the quantity of contents statement printed on your

Container and measure the size of the type.

e. Is the type size as large as it is supposed to be?
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SECTION 10:

10-1 Graphs

It is often important to show the relationship between two

measurable quantities. We will use the "Cartesian" method of con-

structing graphs. A description of this method follows.

First, intersecting lines are drawn perpendicular to one another.

One line is horizontal and by convention is called the x-axis. The

other line is vertical and is called the y-axis.

0
X

Second, each axis is divided into units of length and numbered

such that on the x-axis positive numbers are to the right of tZle

origin and negative numbers to the left and on the y-axis pcitive

numbers are above the origin and negative numbers below.

Y3-
2-

-3 -2 -I ° I 2 3
-I -

-3+

In this case the scales used for the x and y-axis are identical. In

many cases they won't be the same; however, we won't burden you with

this problem now.

These two scaled, perpendicular axes may be used to give an

address to any point located in the plane. Look at the graph on

the following page. We want to give an address to point A. First

we find the x-coordinate by starting at A and going in a direction

perpendicular to the x-axis. We find that A corresponds to "6" on

the x-axis.
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Y-Axis

Similarly, we rind that A corresponds to "4" on the y-axis.

Next, we put these two ',its of information together in a compact

way. All mathematicians and scientists have agreed to do it in the

same way so as the lessen the general level of confusion in the

world. They have agreed to write the x-coordinate first and then

the y-coordinate. A comma goes between the 4- numbers and parentheses

go around the whole thing. Below we have listed three different

pairs of terms used to describe ordered pairs.

Point A = (.6, 4)

I *\
"horizontal "vertical
coordinate" coordinate"

or "x-coordinate" "y-coordinate"

or "abscissa" "ordinate"

The expression (6, 4) is called an ordered pair. Remember that the

order of the numbers in an ordered pair is very important. (6, 4)

and (4, 6) : tna same point.. For practice you shr,,Ild try to

find the ordered pair for point B.

The x-coordinate (Ilor!.zun'cal coordinate or abscissa) is -6. The

y-coordinate (vertical coordinate or ordinate) is +2. When we write

the ordered pair, the x-coordinate comes first; therefore, point B =

(-6, 2). This is the only way to write the address as an ordered

..pair and be understood correctly by the rest of the world. (2, -6)

would work only if you said that you were going to put the y-coordinate
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first in all your ordered pairs. But why march out of step with
the rest of the world? Always put your x-value first just like

everybody else. This is one situation where conformity is the way
to go.

In this section we started with a couple of points and found

their addresses. More often we will start with the address and

want to locate the point. The process for locating points from

ordered pairs is just the reverse of what we discussed above. We

take it up next.

10-2 Going From Ordered Pair to Point

PROBLEM:

Plot the point (3.2, 4.7) on the graph below
If-Ax /o

5

R1101II. I1AN4 purrIsm ill 1
.0

3 mmilassi
mg immemminm spoommig

mmul

lithEMPIMIIVI maire
2
Ma OM MIL

1....egomm.....mgmum................p.m........
.............g..........

IIIIIIIIIIIIIIIIIIIIIII1
IIIIIIIIIIIIIIIIIIIIIIIII
1111111.1111111111.111211awn ... . ..........

SOLUTION: 1 2 3 # 5
)4-Axio

Our first task hert is to see that neither 3.2 nor 4.7 14i11

fall on a dark black line because neither is a whole number. 3.2

will lie somewhere between 3 and 4 on the x-axis and 4.7 will lie

somewhere between 4 and 5 on the y-axis.

Second we find out what each small division means. We need to

know this to plot points between the dark lines. Notice that there

are 5 little lines between the big ones. Therefore each little

division represents one fifth of the distance between big divisions.

Therefore, each little division represents .2 because 1
= .2. This

means that 3.2 is located one little division to the right of 3 on

the x-axis. Locating 4.7 is a little trickier; it won't fall

exactly on a line. 4.7 will fall halfway between 4.6 and 4.8 on

the y-axis.
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448
Y-Ax i6

4.7
1.6

2.3

(9.2,4.7)

4

2

XAxso
3 5

1.2 3.2

Finally, we plot the point. It is found by going in a perpendicular

direction from each axis to the pointt, of intersection.

For practice you can try to locate the point (1.4, 2.3) on
the graph.

10-3 Regions of Imprecision

Whenever both coordinates are stated in terms of ranges of

imprecision then the plot of the two ranges will be a rectangular
"region of imprecision."

PROBLEM:

P1,74: the region of imprecision represented by the ordered pair
(3.4 ± .2, 1.5 ± .4) on the graph below.

2
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SOLUTION:

Our first task, as always, is to figure out what the divisions

on the scales mean. Notice that there are four big divisions per
unit. This implies that each big division is one fourth or .25 of
a unit. Next we deduce the meaning of the little divisions. There
are five little divisions in each big division. Therefore, a little
divison is one fifth of a big division. This means that the little
divisons are .05 units each (-s- of .25 = .05).

Second, we locate each range of precision on the appropriate
axis. This is done in the same way that we graphed ranges of im-
precision on number lines earlier. First we locate the midpoint
and then the upper and lower limits.
2

1. St .1/

42--/.5-#.#1 -..
'

.......... --.--- - _-.-_
- . - .

. -
_____ .

--
._ .

_. . . - . ___ -_. _

4--. / 5
- _...-

-.----,--
--,_
--7-..-- - . - .- -

.-

4--- I.5-.1 - . ! '

. .. . ____. - - --- - - . __ . .
_._._

. ..
- - --_

- -- --- - - . - .

.

--.--
-

....... ___ . ._

. _

1.-, ' 3.4/4-.2- 2--. .- .--...- ....---. 4- -±:-.";-- -1-
-4.- -"''"

4 -4 -- .-- -- -. - .;-- 43.11
_

4 ...

1 3 3.9- 2: .2

]Finally, we find the region determined by the two ranges of im-
precision. This is done by moving out perpendicularly from each
of the 6 points on the two axes. The region of imprecision is the

i-.tersection of the two ranges of imprecision.

In the graph on the following page, there are lines drawn in
for the purpose of illustration. Later on we will leave out these

lines and only show the region of imprecision.
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PROBLEM SET 10:

1. (2, 4) is an ordered pair.

a. List three names for the 2.

b. List three names for the 4.

c. Fill in the blanks. The

A

3.4.2

comes first and then the

4

goes in the middle and go around the whole thing.

2. In the text it tells you how you can march out of step with

the rest of the world. How?

3. What is the 1thematical name for th, graphing technique that

we are using?

In Problems 4 througl 10 determine the value of the Lmul19st division.

4. 1H411111i111:11+101111111i1111111111f+Iii-4

0 1 2 3 4 5 6 7 8 9 10 11 12

1 2 3 4 5

j
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6. 111111111111111111111111-1-11114 11-H

2

7.

0 1

0 1 2

8,

10 20 30 9-0 50

9.

0 .1 .2 .3 .4- .5 .6 .7 .8 .9 1.0

10.

0 .1 .2 .3
11. State the location of each point as an ordered pair.
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12. Graph each ordered pair listed

as the graph in Problem 11.

a. (3.2, 4.6) c. (.2,

b. (9.1, 1) d. (4.7,

below.

8 9 10

Use the same scaling

4) e. '7.2, 1.4) g. (2.8, 6.6)

3.5) f. (6.3, 8.9) h. (5.5, 9.9)
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13. State the location of each point as an ordered pair.
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For Problems 14 through 17 graph the indicated regions of imprecision.

Use this scale on each graph. 1 unit = 2 cm.

1111,11:1H-ti HIHI+11-111111111111:1111i111111111,11-

0 > 2 3 4 5

14. (3.0 ± .5, 5.0 ± .5)

15. (2.7 ± .5, 4.5 ± .5)

16. (3.0 ± .1, 5.0 ± .5)

17. (4.75 ± .05, 4.5 ± .1)
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SECTION 11:

11-1 The Requirements for a Good Graph

A graph, is a picture, of sorts. It is a visual representation

of information. If a graph is well constructed, then it is a great

help in seeing patterns and relationships between variables.

As part of the activities connected with this topic, the lengths

of different parts of your body will be measured. We will then use

graphical analysis to see relationships between the different lengths.

Below we have a sample of the kind of information that will be

collected and analyzed. It records the height and "reach" for the

entire Biomedical Project staff as of April, 1975. We have defined

"reach" to mean the distance from the armpit to the tip of the middle

finger.

AR PA-P.1r

-EL-Ac-1-1

We will graph the (height, reach) set of ordered pairs. After

that we will try to see a pattern in the arrangement of the points.

Any observable pattern can be described mathematically. More about

this later.

M DD Lc
1..1 &R-

D8
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Staff Person Height(cm) Reach(cm)
(x) (y)

Karen 152.8

Al 163.4

Dick 172.3

Skip 175.8

Leonard 184.0

Mike 169.9

62.0

65.6

72.1

74.6

74.5

71.0

Glenna 170.5 71.4
tg

Renita 162.0 68.7

Ron 176.5 70.6

Chris 168.0 71.0

Jon 192.8 85.0

Ken 176.7 72.0

Gail 169.8 70.4

Glenn 186.5 81.1

Dave 187.0 77.9

Jay 180.6 75.0

Bill 176.8 73.7

Elmer 183.8 79.0

Sandy 172.7 72.3

Joe 188.7 81.9

Our first step in the development of graphing techniques is to

graph the points in a way that follows our previous pattern of in-

cluding the origin. This graph certainly improves our ability to

see a pattern in the points, but it has a serious drawback. Notice

that all of the points are located within the region bounded by the

dotted lines. The rest of the graph might as well not even be there.

Furthermore, by cramping all of the points into the box, we decrease

the precision of the location of the points. Our objective in this

sect Jn is to demonstrate a technique for expanding the region within

the dotted lines to fill a complete sheet of graph paper. In this

particular instance we will increase the length of each side of

the box about four times. This will have the effect of reducing

the imprecision of locating a point on an axis to about one fourth

of what it is in this graph. In summary, we say that a "good" graph

99
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should use most of the available space, because this increases the

precision of the scales on the axes.

This is certainly one feature of a good graph, but it is pos-

sible to imagine a graph that fills most of the available space but

still has a defect. Can you think of such a graph? It is so ob-

vious that you have probably never seen a graph with this kind of

defect because.it would be hard to produce.

Suppose that we had a graph where a big unit meant 2-2 cm of
3

height. What would two units be? What would one little unit (one

fifth of a big unit) be? Clearly an inconvenient scale like 2-2 cm
3

per big unit is something to avoid. So, we say that another re-

quirement of a good graph is that its scales be easy to read and

interpret. In fact this last requirement is even more important

than the first one we mentioned.

Below we state our two requirements for a good graph.

1. The scales should be easy to read and interpret.

2. The plotted points should fill the available space as

much as possible while also maintaining convenient,

readable scales (Requirement #1).

In graph construction the meeting of these two objectives we

define as heaven. There are many poss,ible mathematical paths to

heaven. We will offer only one in the following text. However, any

method that meets these two objectives is OK. It is not how you get

there that is important, only that you get there, somehow.

11-2 Ground Rules

In the game of graph construction the playing field is a piece

of graph paper. Most often we will be graphing on a grid 24 cm

long and 18 cm wide, with five divisions to the centimeter. We

will describe how to fit sets of data onto this kind of grid. How-

ever, remember that there are many other kinds of graph paper and

there is certainly no law against taping two pieces of graph paper

together if you want to. We will use the 18 cm by 24 cm format in

our discussions because it is the most common, but we will expect

you to be flexible enough to make good graphs on other formats.

100



11-3 The Game

We wish to "blow up" the dotted box on the first graph to fill

one complete sheet of graph paper. We will first give you a proce-

dural step and follow it with an example from our (height, reach)

data.

1. Find the difference between the maximum and minimum

numbers in both columns.

EXAMPLE:

An examination of the table reveals tha Jon and Karen are the

extremes of both height and reach.

AH = (Jon's height) - (Karen's height)

= 192.8 - 152.8

= 40 cm

AR = (Jon's reach) - (Karen's reach)

= 85.0 - 62.0

= 23 cm

2. Find the most convenient choice of scale for each combina-

tion of variable and axis. (Examples: tH - long axis, tH - short,

AR - long, AR - short.)

We find the most convenient scale for a particular variable

and axis combination by following steps 2a and 2b, below.

a. We define "x" to be our unknown scale for the big units

(1 cm divisions). We require that:

AH or AR
x > axis length

Explanation for tH on the short axis:

AH is 40 cm and there are 18 big units on the short axis.

Therefore, we need to find "x" such that 18 times "x" z 40. In

other words, we want to be sure that 18 big units (x's) will cover

the entire range of heights (AH).
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The smallest "x" which satisfies this requirement is the

one that satisfies the equality:

(18) times (x) = 40

40or, x =
18

= 2.222...

This is the smallest possible size for a big unit that will

allow us to cover the entire range. Notice, however, that 2.222...

is an inconvenient size for a big unit; therefore, we increase the

value of "x" according to constraint b.

b. We require that "x" be the smallest number greater than

the (range axis length) which allows (x 5) to be "convenient."

By "convenient" we mean that the decimal expression of (x = 5) will

contain only one digit. This digit may not be seven or nine.

Explanation and Example:

First we mention that we want (x 5) to be convenient be-

cause we want the little (.2 cm) units to be easy to remember and

add. Therefore we are going to require that (x 5) have only one

digit in its decimal expression. Furthermore, this digit cannot be

either a seven or a nine.

If we increase x to 2.5, then both x = 2.5 and (x 5) = .5

are convenient numbers.

A QUICK AND DIRTY EXAMPLE OF STEP 2:

This time we find a convenient scale for Ali on the long axis.

We are looking for an "x" which satisfies these two conditions:

a. x >
(length of long axis)

OH

b. is "convenient"

By convenient we mean that the decimal expression of contains

only one digit and this digit is neither a nine nor a seven.
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LH 40
(length of long axis) 24

1
2-
3

2Constraint 2a requires that x 1-5.

Constraint 2b requires that (x 5) be convenient. 2.0 is the
first number greater than 14 such that (x 5) is convenient.

Finally,

x = 2 cm per big unit

= .4 cm per little unit

3. Assemble the information on each variable-axis combination

in one place. Choose the best variable-axis combination.

EXAMPLE:

LH short DL, - short

2.5 cm - big

. 5 cm - little

LH - long

2.0 cm - big

. 4 cm - little

1.5 cm - big

BEST .3 cm - little

CHOICE
- long

1.0 cm - big

.2 cm - little

4. Scale your graph paper according to the variable-axis com-

bination of part 3. Start each axis with a whole number multiple

of the big division scale.

EXAMPLE:

The smallest height is 152.8 cm. The next lowest whole multiple
of 2.5 is 152.5. However, the whole range will still fit oil the axis

if we go one step farther back to 150; therefore, we can startfat 150
if we like. This is what we did on the following graph.

4

10,'
103



N
I
 
M
A

an m
il g

s
m
.

g
m
:

.
.
.
.
.

O
 
R
M
I
N
N

M
U

U
M
W

m
o
m
m
i
n

m
I
l
l
O
M
O
N
N
I
I
N
U

1
1

1
1
§
1
1
1
1
1
1
1
1

O
M

N
E
R
I
O
M
M
O
M
I
M

R
E
R

1
1
1
1
1
R
U
U
M
M

1
1
1
1
1
1
1

U
 
U
M
U
M
U
M
U
M
E

M
U
M

I
l
i
 
M
r

i
s

R
E

1
1

M
U
M

I
M

O
N

M
U
M

M
A
R
X

R
N
M

l
a
xa
.

-rri_
m
m
u
n
n
o
n
m
o
n
m
o
n
n
u
n
u
n
n
u
m
i
n
n
u

4
T
E
L
:

e
g
u
n
g
e
m
m
u
m
m
i
g
m
s

m
l
i
m
m
u
m
o
m
m
i
m
m
m
u
m

W
a
S
i
f
i
l
i
n
a
l
r

S
E
M

M
U
M
N
I
U
M
U
U
R
M

1
1
1
1
1
=
1
1
1
1
1
1
1
E
R
E
M
M
I
I
I
I
I
I
M
I
O
O
M
M

=
E

M
O
MR=

M
E
M

N
U
O
U
S
I
I
I
M
I
E

S
E
M
I
S
S
O
M

n
u
n
n
 
n
e

n
 
u
s
u
n
n

n
n
w
n
n
u
n
n
u
n
n
u
m
s

n
w
o
n
n
n
u
m
a
n

1
1
1
1
1
1
.
1
1
1
1
1
1
1
1
1
1
1

1
1
1
1
8
1
1
1
1
1
1
1
1
1

1
1
1
1
1
=
1
1
1
1
1
1
1
1
=
m
1
R
E
R
I
M
I

O
u
n
I
I
I
M
E
M
I
I
I
I
E

1
1

1
1
1
1
1
1
1
.
1
1
1
1
1
1
1
1
1
1
1
1
1
B
1
1

1
1
=
1
1
0
1
1
1
1
M
S
 
1
1
1
1
R
U
M
R
U
M
M
I
S
M
I
l
m
m
m
E
m
m
i
l

B
M
 
K
O

1
1
1
1
1
1
1
1
1
1
1
1
1
1
0
M

M
R
1
1
1
1
1
.
1
1
1
1
1

M
O
M
E
1
1
1
1
1
1
1
1
1
1
1

m
o
w
n

g
o

1
1
1
1
1
=
1
1
°
.

N
E
1
1
1
1

1

1
1 E

R
E

1
1
1

14

U
M

k
.

'
I
I

m
i
l

i
i
m

M
O
M

O
 
M
.

O
E
M

1
1
1
1
 
_
W
2

111121111111111B
IW

IE
M

M
U

1
1
1
1
1
1
1
W
O
M
I
l
m
u
m

S
 
U
N
I
M
E
R
V
I
M
M
I
N
U
M
M
E

M
E
M
O

1
1
1
1
1
1
1
1
1
1
M
U
U
M
U
U
M
N
I
N
U
I
N
I
 
R
E
M
O

I
I
M
U
M
U
S
O
M
I
U
M
O
M
M
E
W
H
I
O
S
I

1
1
§
E
1
1
0
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
M
m
m
E
I
M
E
M

S
 
M
I
I
I
M
M
I
N
I
M
M
E
I
W
I
u
m
E
M
E
m
E
M
U
U
l
l

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
M
0
1
1
1
1
1
1
E
M
S
E
E
M

W
E
R
I
B
M
I
N
I
U
M
U
N
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

M
U
M

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
M
=
1
1
1
1
1
1

M
O
M
O
I
M
I
N
I
U
M
M
I
N
I
M

l
i
r

1
1

I
I

1
1
1
1
1
1
0
1
1
E
N
U
M
M
E
1
1
1
1
1
M

1
1
1
1
1
1
1
1
1
1
1
1
1

1
1
1
1
1
 
m
1
1
1
1
1
1
1
1
1
1
1
1
M
R
I
U
M
M
O
N
I
M

n
n
n
n
 
s
n

n
 
o
n
n
s
o
n
m
n
e
n
n
n
w
o
n
n
u
m
i
n
n
u
m
n
a
n
n
s

1
1
1
1
N
1
1
.
1

M
W
=

1
1
1
1
1
1
1
1
K
R
U
M
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
m
m
l
l

1
1
1
1

O
I
O
I
I
I
W
I
I
M
I
W
H
I
U
M
M
I
I
I
I
R
M
I
W
I
U
I
I
N
W
M
O
O
I
I
I
O

1
1

I
N
I
W
I
I
N
I
O
U
1
1
1
1
1
1
1
1
1
1
m
u
l
l
i
S
O
U
l
l

liti
I
M
R
E
 
U
M

M
E
M
I
I
I
I
O
E
V
I
I
M
M
U
N
W
R
I
W
I
M
O
V
I
R
O
W
1

M
I
M
I
N
I
O
m

1
1
1
1

1
1
1
1
1
1
1
1
n

1
1
W
O
M
O
I
N
I
O
N
4
0
1
1
w
w
M
M
U
S
I
I

1
1

M
E
M
O
M
M
I
W
W
W
I
R
I
M
U
M
M
I
I
V
E

M
E
M
I
1
1
1
1
1
1
1
1
1
1
.
1
1
1
1
1
1
1
1
=
E
§

1

M
M
1
1
1
1
5
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
R
O
M
I
I
§

M
I

m
m

w
om

m
w

m
w

ernm
um

ow
nw

m
om

m
ilm

ail
1
1
1
1
1
1
1
U
M
E
M
I
I
I
I
E
S
E
E
M
O
N
 
1
1
1
1
0
1
1
1
1
1
1
1
1
u
m

m
w
m
i
n
u
m
w
w
w
w
w
w
w
w
 
1
1
1
1
1
1
0
1
1
1
1
1
1
1
1
1
1
1

M
E
E
1
1
1
1
0
1
1
1
1
1
1
1
0
1
1
1
1
0
E
M
E
N
T
N
I
1
1
1
1
1
0
1
1

M
O

1
1

w
m
1
1
1
U
1
1
1
1
M
E
M

O
R
S
O
N

1
1
1
1
1
1
1
1
1
1
1
M
I
I
I
M
 
1
1
1
1
1
1
1
1
1
1
1
1
 
1
1
§
1
1
1
 
O
M

I
f
t
R
O
l
i
m

1
1
1
1
1
1
1
1
1
1
1
1
E
N
I
I
I
I
I
I
N
E
E
K
I
M
M
I
N
I
M
E
N
I
M
E
I
N
N
I

I
M
I
E
M
0
0
1
1
1
1
1
1
1
1
1
1
1
1
0
M
0
1
1
1
1
E
R
M
I
N
I
M
I
N
W
I
M
M
1
1
4
1
1
 
1
1
1
1
1
1
§
1
1
1
1
1
1
1
1

I
I

1
1

1
1
1
1
1
1
1
1
1

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
K
R
U
I
M
U
M
U
M
M
I
 
1
1
W
W
W
W
1
1
1
1
1

I
I
I

m
u
m
 
n
n
e
n
n
e
n
n
n
u
m
m
i
n
n
n
w
n
n
o
w
w
w
g
n

n
w
n
 
m
g
:

m
a
n
n
a
 
u
n
n
o
m
m
m
o
n
u
m
m
o
m
m
u
m
e
n
s
u
m
n
n
g
 
n
u

us
n
n
n
o
n
m
i
n
m
e
m
n
s
m
o
n
o
n
n
m
o
n
n
o
n
n
o
n
n
o
m
i
l
l
i
i
n

m
a
 
n
n

l
i

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
=
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
W
M
.

1
1

1
1
1
1
1
1
1
1
1
1
1

1
1
1
1
1
1
1
1
.
1
1
1
1
1
1

I
B
M

I
M
W
1
1
1
1
1
1
U
m
m
1
1
1
1
1
1
1
1
1
1
1
1
1
1
R
U
I
I
I
I
N
I
I
M
M
I
S
E
I
N

i
n
l
i
n
n
o
n

n
E
n
n

ne
o
n
w
e
n
n
n
n
o
m
m
o
n
n
u
n
n
m
p
m
n
m
n
o

n
n
n
n
w

m

M
m

o
I
n
m
I
I
u
M
n
g
E n

i
i
i
i
1
n
P
u
R
1
O
n
M n

s
m
o
w
m
n
a

I
l
l

n
o
n
n
o
n
n
o
n
n
n
i
m
n
e
m
n
n
u
n
m
n
u
n
n
u
m
m
 
m
o
w
n

_
4
u

n
n
n
n
o
n
o
n
n
n
e
n
n
s
n
0
8
n
n
o
n
w
e
n
n
O
O
n
n
w
n

w
nnunw

m
auw

m
m

unw
sm

aw
M
U '14

M
I
O
M
E
N

11%
.

1
1

M
I
N
E
:
1
1
1
1
1
1
,
1
1
=
1
1
1
E
I
M
O
M
M
O
W
I
I
S

N
E
R
O

0
1
1
1
1
1
1
1
 
I
S
O
M

1
1
1
1
1
1
1
M
I
N
I
R
O
O

B
I
M

1
1

1
1
1
1

1
1
8
1
1
1
§
=
1
1
1
1
1
1
1

1
1
1
1
1
1
1
1
1
1
1
1
1
1

i
m
w
o
m
m
e
n
s
m

1
1
.
.
.
.
.
w
w
w
w
o
m
m
o
s



5. Label each axis. Include what is being measured and the

units being used.

EXAMPLE:

"Reach (cm)"

6. Plot the points.

11-4 More Examples

EXAMPLE 1:

Find the most convenient scale for reach on the short axis.

SOLUTION:

AR = 23 cm

axis length = 18 cm

Constraint 2a requires that:

, 23
x

18

1.277....

Constraints 2a and 2b together require that:

x = 1.5

because

-5- -3

Finally, the scales are,

x = 1.5 cm reach per big unit

= .3 cm reach per little unit.
5

EXAMPLE 2:

Find the most convenient scale for reach on the long axis.

SOLUTION:

AR = 23 cm

axis length = 24 cm

106
105



Constraint 2a requires that:

x
23
24

.95833...

Constraints 2a and 2b together require that:

x = 1

because

= .2

Finally, the scales are:

x = 1 cm reach per big unit

= .2 cm reach per little unit
5

11-5 About the Usefulness of Graphs

Early in this section we said that graphs help us see relation-

ships between variables. This particular graph will help us see the

relationship between height and reach. One thing is obvious from

the graph. We can see that as height increases, reach tends to in-

crease. This is probably no surprise to anyone. However, this is

not all the information available. Notice the dotted line on the

graph. Most of the points lie close to this line. Now suppose that

you were a clothes manufacturer. How long would you make the sleeve

of a suit for a person 172.5 cm tall?

We can use the graph to find a common reach (not sleeve length)

for this height. We find 172.5 on the horizontal axis and go up to

the line and then over to the vertical axis. The number there is

about 71.7 cm. Based on this graph we expect people 172.5 cm tall

to have a reach within a couple of cm of 71.7 cm. Sleeve length

might be deduced from this figure.

This is not the last you'll see of graphical analysis in this

course. In the material which follows we will develop a technique

for finding an equation for the dotted line. Also, we will expect

you to find a range of imprecision for graphical predictions. For

example, later on when we ask, "What is the expected reach of a
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175 cm tall person?", we will expect an answer in the form, "The ex-

pected arm length is 71.7 ± 3 cm." However, figuring out how to

scale graphs is all you need to be concerned with now.

PROBLEM SET 11:

1. What are the two requirments of a good graph?

2. Why is the graph in Section 11-1 unacceptable?

3. Describe the grid that will be most used in this course. Give

the dimensions (in cm) and the number of divisions per big unit.

4. (True or False) One rule that we have established is, "Do not

tape two pieces of graph paper together."

5. (True or False) In this course you will be expected to follow

our method of graphing as well as meet the two requirements of a

good graph.

6. Let 1H = 70 cm. Find the most convenient scale for:

a. the short axis.

b. the long axis.

State the meanings of both the big units and the little units for

both answers.

7. Let 1L = 31 cm. Find the most convenient scale for:

a. the short axis.

b. the long axis.

8. Let 1H = 35 cm. Find the most convenient scale for:

a. the short axis.

b. the long axis.

9. Now suppose we are graphing pressure (P) and volume (V) for a

trapped quantity of gas. Let 1P = 100 mm of mercury. Find the most
convenient scale for:

a. the short axis.

b. the long axis.
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10. Let "V" have the meaning of Problem 9 and AV = 3.5 cm3. Find
the most convenient scale for:

a. the short axis.

b. the long axis.

11. Let AP = 150 mm of mercury. Find the most convenient scale for:

a. the short axis.

b. the long axis.

12. Let AV = 4.5 cm3 > Find the most convenient scale for:

a- the short axis.

b. the long axis.

13. What two things should be in the label of an axis?

14. Describe how to begin numbering an axis.

Use the final graph in the Text to answer Problems 15 through 18.

15. What reach would you expect a 160 cm tall person to have?

16. What reach would you expect a 190 cm tall person to have?

17. What height would you expect a person with a reach of 77 cm to be?

18. What height would you expect a person with a reach of 65 cm to be?

19. What kinds of people would you expect to be very interested in

the relative proportions of the human body?
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SECTION 12:

12-1 Functions

Certain sets of ordered pairs are called functions. You will

find that functions are used to describe quantitatively many bio-

medical phenomena. In this course many types -..)f functions will be

studied. The idea of a function is a basic concept in mathematics.

A function may be thought of as a table. The table below gives

the mass of each of a group of students.

Student's
Student Mass (kg)

Lynne 44

Chad 73

Bill 77

Belinda 48

Pam 55

One set contained in the table is the set of students. This set is

called the domain of the function. By convention the domain is on

the left side of a table unless otherwise specified. We may write

the domain

D = [Lynne, Chad, Bill, Belinda, Pawl

The second set is the set of numbers representing the mass of each

student. This set is called the range of the function. It may be

written

R = {44, 73, 77, 48, 55}

The functic . itself is the set of ordered pairs. The function may

be written

f = [(Lynne, 44), (Chad, 73), (Bill, 77),
(Belinda, 48), (Pam, 55)}

A special terminology is connected with functions. You will

often encounter statements written in the form

f(Bill) = 77

The statement is read "the function of Bill is 77," or, for short,
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"eff of Bill is 77." We can only put domain elements within the

parentheses in function notation. For example,

OK NOT OK

f(Bill) = 77 f(77) = Bill

F(Chad) = 73 f(73)' = Chad

DOMAIN RANGE
ELEMENTS ELEMENTS

Statements like f(Bill) = 77 may be manipulated in the same ways
as ordinary equations. For example,

f(Bill) + f(Chad) = 77 + 73

= 150

Functions are often represented by graphs.

-kit)
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FUNCTION (6 POINTS)

I 1
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DOMAIN (6 NUMBERS)

By convention the horizontal coordinates represent the domain and

the vertical coordinates represent the range. The function is the
set of ordered pairs on the graph. A set of a finite number of

ordered pairs is called a finite function. The table of students
and the mass of each student is an example of a finite function.

FUNCTION (SET OF ORDERED IMIRS
ON THE CURVE)

41 'a
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This graph is an example of an infinite function. An infinite func-

tion is a set of an infinite number of ordered pairs. The graph is

an infinite function because the curve represents an infinite number

of ordered pairs.

With a finite function it is possible to list all of the ordered

pairs that belong to the function. Listing all of the ordered pairs

of an infinite function is impossible.

12-2 An Additional Requirement for Functions

Some sets of ordered pairs are functions. Others are not. The

sets of ordered pairs that are not functions fail to meet a condition

that is deSigned to reduce confusion. It says that we cannot pair

two different y-coordinates with a single x-coordinate. It is easy

to see how this constraint works. Consider the set

g =. 3), (2, 4)}

Now we ask the question, "What is the y-coordinate when x = 2?" We

cannot answer this question with a single number. This is a potential

source of confusion; therefore, the set g cannot be a function.

There is a simple test for infinite graph-functions to see whether

they meet the anti-confusion standard. It is called the "straight-

line" test. If a line perpendicular to the x-axis intersects the

graphed curve more than once, then the curve cannot be a function.

A SINGLE
- COORDINATE

STRAIGHT LINE TEST

NLY ONE INTreSECT1ON

A SINGLE .COORDINATE

FUNCTION

Notice that the straight line test

3
9-cooRDNATE5

MORE TIVAN ONE
INTERSECTION

lkitooldiP

4:-A44;;;;-
NON- FUNCTION

detects situations where more

than one y-coordinate is paired with an x-coordinate.

2
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There is a potential source of confusion about the anti-confusion

standard. It is easy to get the wrong idea that a-function cannot

pair two diffenant x-values to a single y-value. However, this is

perfectly all right. Consider the set

h = {(2, 3), (4, 3)}

Now we ask the question, "What is y when x = 2?" There is only one

possible answer; y = 3. Similarly there is only one possible y

when x = 4. Therefore, h is a function.

To reinforce this idea, let's look at an infinite graph function

and apply the straight line rule.

A SINGLE

- COORDINATE

NE INTERSECTION

A SINGLE %-COORDINATE

FUNCTION

No matter where we put the perpendicular line, it will only cross

the curve once. Therefore, it passes the straight line test and is

a function. Notice, however, that the curve may pair a particular

y-coordinate with two different x-coordinates. This feature of the

curve cannot prevent the curve from representing a function.

Why is there a double standard? In other words, why are the

x's required to have only one mate while a y may have many? It

reflects the uses of functions. Traditionally, the x's are used

to predict y's. Therefore, we want a function to set up a situation

which produces only one prediction (i.e., a "y") for a particular

x. On the other hand, it often does not matter that a y may predict

(in reverse) two different x's.
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PROBLEM SET 12:

Data relating )xygen consumption (as an indicator of_exercise level)

to total air intake show the relationship to be a function. A graph repre-

senting this is shown below.
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Refer to this graph when answering Problems 1-4.

1. Construct a table relating five elements of the domain (oxygen consump-

tion) to five elements of the range (total air intake).

2. a. Is the function represented by the graph finite or infinite?

b. Is the table you have constructed a finite or function?

3. Approximate f(x) when:

a. x = 1.0 c. x = 1.7

b. x = 3.0 d. x = 3.5

4. Approximate x when:

a. f(x) = 41

b. f(x) = 100

c. f(x) = 84

d. f(x) = 54
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In general, pressure experienced by an underwater diver is a function,

"f," of his depth. Refer to the following table-function in answering

Problems 5 -9.

d = De th (meters)

0

10

20

30

50

f(d) = Pressure (atm)

1

2

3

4

5

6

Graph the table-function. Connect the points with a straight line. Call

the function represented by the line "g."

4-
d

0

0

V
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6. Which column is conventionally associated with the domain of the table-

function, "f"?

7. a. Write the table-function, f, as a set of ordered pairs.

b. Is the table-function, f, finite or infinite?

c. Is the graph-function, g, finite or infinite?

8. For the graph, approximate g(d) when:

a. d = 15 c. d = 28

b. d = 45 d. d = 36

9. For the graph, approximate d when:

a. g(d) = 2.5 c g(d) = 7.0

b. g(d) = 5.8 d. g(d) . 4.3

10. Identify the sets of ordered pairs which are functions.

a. a = R2, 3), (2, 4)}

b. b = R47, 3), (6, 3)1

c. c = R7r, (4, 6)}

d. d = R2, 4), (3, 8), (9, 16), (2, 17)}

e. e = R9, 6), (10, 6), (18, 6)}

f. f = 0, 1), (-1, 1), (2, 4), (-2, 4)}

11. Use the "straight line rule" to detect non-functions. Identify the functions.

-P)
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SECTION 13:

13-1 Function Machines

To continue to develop our understanding of functions, we will

pretend to have a device called a function machine.

Crank

Hopper

_- Spigot

If a number that belongs to the domain of a function is dropped in-

to the hopper, and the crank is turned clockwise, the machine oper-

ates on the number, and out of the spigot comes a number in the

range of the function. We cannot see the wheels and gears inside

a machine, but we may be able to guess how the machine operates by

observing what numbers come out when certain numbers are dropped

in the hopper.

Let us drop the number 2 into one of the machines.

2

4

We turn the crank and out comes 4. We then drop in 3 and turn the

crank, and this time out comes 6.
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6
When we drop 4 into the hopper, 8 comes out of the spigot.

You have no doubt guessed that this particular machine multiplies

each number by 2. We are not restricted to feeding the machine num-

bers; it operates equally well on literal algebraic statements. For

example, if we feed the machine x, we get 2x from the spigot.

X

at
Notice that this function machine operates on members in a predictable

fashion. Every number we feed to the machine 15 multiplied by 2. If

we dropped the number 4 into the hopper repeatedly, we could count on

obtaining 8 every time.

1.18
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Let us now look at another function machine and feed it num-

bers to see if we can guess how it operates.
3

5 6 7
When we feed the machine 2, we get 5; when we feed it 3, we get 6;

and when we feed it 4, we get 7. This machine apparently adds 3 to

a number. What would we get if we fed the machine x?

When we fed x to the first machine, 2x came out of the spigot.

Mathematicians call this 2x the function of x, which may abbreviated

f(x). This terminology may be expressed by the statement

f(x) = 2x

If f(x) = 2x, it follows that

f(5) = 25

= 10

and

f(721) = 2 721

= 1442

When we fed x to the second function machine we obtained x + 3

from the spigot. Therefore, in this case, x + 3 is the function

of x.

f (x) = x + 3

No matter how a function machine operates, if we feed x into

the hopper, we obtain f(x) from the spigot. .

x
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13-2 Dysfunction Machines

We can imagine a function machine that gets sick or breaks down

or something and stops behaving like a proper function machine. We

can tell that this has happened by observing the ordered pairs that

the machine produces. If the machine pairs more than one y with a

particular x, then we have a sick function machine on our hands.

It's sick because it can no longer produce ordered pairs that are

elements of a function. Consider the following machine

5

It's sick. It's trying to pair both 5 and 6 to a single input, 4.

This is not a function machine. It's a dysfunction machine.

120

120



PROBLEM SET 13:

1. Match the function machine to the function.

Choose f(x) from:

(1) f(x) = x (5) x + 2 (9) f(x) =

(2) 3x (6) 2x + 2 (10) x - 7

(3) 2x (7) 2x + 1

(4) 3 (8) ;x - 1

a. Domain: {1, 2, 3}

Range: {2, 4, 6}

f = f(1, 2), (2, 4), (3, 6)) f(x) =

b. Domain: {1, 2, 3}

Range: {3, 5, 7)

f = ((1, 3), (2, 5), (3, 7)/ f(x) =

121 121



c. Domain: {1, 2, 3}

Range: {3, 6, 9}

f {(1, 3), (2, 6), (3, c))

Domain: {1, 2, 3}

Range: {3, 4, 5}

f = {(1, 3), (2, 4), (3, 5)}

e. Domain: {0, 3, 4}

f = {(0, 2), (3, 8), (4, 10)}

122
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f. Domain: {5, 7, -8}

Range: {5, 7, -8)

f = {(5, 5), (7, 7), (-8, -8)

g. Domain: {5, 7, 8)

Range: {3}

f = {(5, 3), (7, 3), (8, 3)).

h. Domain: {7, 17, -7)

Range: (0, 10, -14)

f = {(7, 0), (17, 10), (-7, -14)}
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i. Domain: {4, 6, -18}

f = (4,'2), (6, 3), (-18, -9)

j. Domain: {6, 15, -9}

Range: {2, 3,- 9}

f = f(6, 1), (15, 4), (-9, -4)1
Range: {1, 14,- 4}

2. Given the domain and a rule, "crank" out the range:

a. Domain: {0, 4, -5}

Range: {

b. Domain: {3, 8, -13}

Range: {

124
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a. Domain: {1, 2, -3}

f = {(1, 4), (2, 8), (-3, -12)}

b. Domain: {4, 7, -8}

f(x) = ?

Range: {4, 8, -12}

f = {(4, 4), (7, 1), (-8, 16)1

c. Domain: {11, 13, 17}

f(x) = ?

Range: {4, 1, 16}

f = {(11, 7), (13, 7), (17, 7)}

126
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d. Domain: {3, 9, 151

f = {(3, 0), (9, 2), (15, 4)}

e. Domain: {2, 3, -.4}

f(x) 22 7

Range: {0, 2, 4}

f = {(2, 12), (3, 16), (-4, -12)}

f. Domain: {3, 7, 11, -14}

f(x) = ?

Range: {12, 16, -.12}

f = {(3, 6), (7 (11, 14),

f(x) = ?

Range: {6, 10, 14, -11}

-14, -11)}
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4. Diagnose the sick function machines

b.

128
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SECTION 14:

14-1 Functions and Nonfunctions, A Review

In the previous section we decided that a properly working

function machine must operate'predictably. If we feed the machine

some number, we can predict with certainty what the output number

will be. Each number in the domain is paired to exactly one number
in the range.

DOMAIN
x

The pairing of an element in the domain to one element in the range

is basic to the whole concept of a function.

Let us further examine pairing by considering another type of

function, that represented by the table below.

Student Hei ht in cm

Puchinsky 150

Smith 173

Fosdick 180

Wellburne 192

Brown 165

Nederlick 188

The domain of the function is the set D = {Puchinsky, Smith, Fos-

dick, Wellburne, Brown, Nederlick}. The range is the set R = {150,

173, 180, 192, 165, 188}. Again we observe that the function has

the property that each element in the domain is paired to exactly

one element in the range. Puchinsky, for example, cannot be both

150 cm and 170 cm tall.

At this point we will define the term function in rather for-

mal language. Then we will discuss several cases to help you under-

stand the meaning of the definition.
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Let D and R be any two sets. A function from D to R is a set of

ordered pairs with first coordinates from D and second coordinates from

R with the further property that if (x, y) and (x, y') belong to the

function, then y = y'.

Suppose we had a set of ordered pairs which included (x, y) and

(x, ye), and y, was not eaual to y'. Remember our sick function

machine, which when fed 4, would sometimes give us 6 and sometimes 5.

. N4. <_5ome-hmes 5- -dLitre4-ivnes 6

The definition of a function does not allow (4, 5) and (4, 6) in

the same function. Therefore, this machine does not represent a

healthy function. It's a sick function machine, sick, sick, sick.
Tch. Tch.

Does the graph below represent a function? We apply the

"straight line rule" to find out.

When x = 3, y can be 2, 3 or 4. Three of the ordered pairs repre-

sented by the graph are thus (3, 2), (3, 3) and (3, 4). The

I a o
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definition of a function states that if a function includes (x, y)

and (x, y') y must equal y'. Therefore, the graph does not represent

a function and we see how the straight line rule agrees with the

formal definition.

Nothing in the definition of a function requires that an ele-

ment of the range be paired with only one element of the domain.

If (x, y) and (x', y) belong to a function, x need not be equal to

x'. In a table listing a set of students as the domain and their

heights as the range it is quite possible two students will have

the same height. It is also, possible that the same number will pop

out of a function machine when different numbers are fed to it.

4 4

As a final example to contrast the domain of a function with

the range of a function, consider the following tables, which list

pairs of husbands

Table

Husband

and wives.

1

Wife

Joe Joan

John Jeri

Sam Sue

Sam Cheryl

Table 2

Husband

Joe

John

Sam

Wife

Sue

Sue

Sue

The set of ordered pairs in Table 1 is S = {(Joe, Joan), (John,

Jeri), (Sam, Sue), (Sam, Cheryl) }. S is not a function because Sam

is married to both Sue and Cheryl. The set of ordered pairs in

Table 2 is T = { (Joe, Sue), (John, Sue) , (Sam, Sue)}. T is a func-

tion, although Sue is married to three men.

It may seem most unfair that a woman be allowed three husbands
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and a man only one wife, and males will be glad to know that the

concept of a function is more widely used in mathematical sciences
than by marriage counselors.

PROBLEM SET 14:

3 Some of the following tables represent sets of ordered pairs that are not

functions. Identify nonfunctional sets of ordered pairs and list two

ordered pairs from the set which prohibit the set from being a function.

z.

Example.

x Y

2 19

2 21

3 14

6 17

8 -4

Ans. z. (2, 19), (2, 21)

a. Student Test Scores CO

A 73

B 28

C 93

D 64

E 93

F 98

b i ht (k

139 41

142 48

142 49

145 50

150 59

165 65
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c. ears) Wei _t (

12

6 21

19

19 51

30 64

d. Student Wei ht k.)

A 43

B 43

C 52

D 71

e. Patient

A

B

C

D

E

f. Object

A

A

A

B

B

Temperature (degrees F)

98.6

100.1

98.6

101.0

28.3

Object's Volume (cm
3
)

23

29

37

14

17

g. xi # x2 x3 # x4 # xi

y
1'

y
2
, y

3'
y
4

all distinct

f(x)

y1

Y2

Y3

Y4

13
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h. Magazine
Number of

Pages

Snort 47

Star 98

Glurk 64

Beige 53

Bugle 47

i. Food

loaf of bread

dozen eggs

dozen eggs

lb bacon

Price of
Food

27¢

53¢

55¢

$1.01

Student Birthday

A Dec. 2

B June 26

C Sept. 30

D Feb. 16

2. Which of the following blood kindship relations will be a functional relation-

ship for all cases? In each case, the domain is stated first.

a. mothers to children

b. children to mothers

c. brothers to sisters

d. sons to fathers

3. Given a domain and a rule, express the function as a set of ordered pairs.

EXAMPLE: Domain: {1, 2, 3, 4}

Rule: f(x) = 2x + 1

Function: f = {(1, 3), (2, 5), (3, 7), (4, 9)}

a. Domain: {0, 2, 4}

Rule: f(x) = x
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b. Domain: { -1, 0, 1}

Rule: f(x) = 2x + 4

c. Domain: { -3, -1, 0, 1, 3}

Rule: f(x) = 3

f. Domain: { -4, 2, 8}

Rule: f(x) = 8 -

g. Domain: {0, 1, 2, 3}

Rule: f(x) = x + 7

d. Domain: {2, 3, 7, 9} h. Domain: { -2, -1, 0, 1, 2}

Rule: f(x) = 8 - x Rule: f(x) = 2x + 4

e. Domain: { -4, 2, 8}
1

Rule: f(x) = 7ix

4. Professor Myopia has spent 14 years in an attempt to list all of the ordered

pairs possible for the function defined by

Domain = All possible values of x such that

x> 0 and x < 1

Range = All possible values of f(x) such that

f(x) > 1 and f(x) < 3

f(x) = 2x + 1

A portion of Professor Myopia's list follows. Notice that we have listed

the elements of the set vertically instead of horizontally.

f = ( 0, 1),

(.00000000001, 1.00000000002)9

(.00000000002, 1.00000000004),

(.00000000003, 1.00000000006)9

(99999999997, 2.99999999994),

(99999999998, 2.99999999996),

(.99999999999, 2.99999999998),

(1.00000000000, 3.000000000oo)

a. Unfortunately Professor Myopia has failed. Find one ordered pair

th.at he left out of his list.

b. If Professor Myopia added your ordered pair to the list would it then

be complete?

.1 at;
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c. Should Professor Myopia turn his back on 14 years of work and take up

a new project?

5. Recall from the lesson the distinction made between finite and infinite

functions. If all of the ordered pairs contained in a function may be

listed, then the function is a finite function.

Determine whether the following functions are finite or infinite:

a. A function whose domain is {1, 2, 3, 4) and range is {3, 4, 5, 6).

b. A function whose domain is 27 students and range is their weights.

c. A function whose domain is all the natural numbers, and f(x) = 2x.

d. A function whose domain is all numbers between 0 and 10, and f(x) = 8.

e. f.

x.

g. Rising temperature of a car engine as a function of time.

h. Student

Ron

Sue

Carol

Todd

Elmo
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i. Height as a function of the students in a classroom.

j. {3, 8}

[,131

6. Given the following sets of ordered pairs, pick out the functions:

a.

b.

c.

d.

e.

f.

g.

h. {(Joe, Sue), (Bill, Mary), (Ann, Mike)}

i. ((Joe, Carol), (Joe, Sue)}

J. {(Joe, Carol), (Ron, Carol), (Todd, Carol)}

f(2, 8), (3, 10),

{(a, b), (c, d),

{(2, 7), (3, 8),

{(1, 3), (1, 4),

(4, 12)}

(e, f), (g, h))

(5, 8), (7, 13)}

(1, 5)}

f(a, b). (a, c), (a, d)} whereb0cOd

{(a, k), (b, k), (c, k)}

{(1, 2), (3, 4), (5, 6)}

7. Which of the following graphs represent functions? Identify which

functions are finite and which are infinite.

a. b.

x
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c. d.

e. f.
'1

x

g. h.

138
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SECTION 15: SLOPE

15-1 Why We Need Equations for Straight Lines

Often in biomedical investigations, a set of ordered pairs is

obtained similar to the one in the following table.

Height
of

father
(cm)

Average
height
of son
(cm)

151 165

154 168

156 170

159 168

161 171

164 171

166 172

169 173

171 174

174 177

176 178

179 178

182 180

184 181

187 184

189 183

192 183

(These data were obtained from a survey. The heights of all sons

of fathers of a given height were averaged.)

This set may also be shown as a graph.
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In this section and the next three, you will be shown how to

find the equations which describe many relationships similar to this

one.

Finding an equation which fits all of the points on the graph

is not easy, so we draw a line which approximates the positions of

the points just as we did earlier on our graph of height vs. reach.
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This line probably represents the general relationship between the
heights of fathers and the average heights of their sons better than
the specific data in the table.

15-2 Slope, Notation and Formulas

The first step in determining the equation of a line is finding
the slope. If (xi, yi) and (x2, y ) are two points on a line,

2.012..)

XL-X1

XL

the slope is defined by the formula

slope where x
2

x
1xY2 xY1

1

The numerator y2 - y1 is commonly called the rise. It is also

referred to as the change in y, which is written Ay. The denomina-

tor x
2

- x
1
is called the run or the change in x, and may be written

Ax.

The formula for the slope may thus be written

slope = rise or slope = AY
run Ax

I

Mathematicians generally use the letter "m" to signify the slope.

The following example illustrates the calculations involved

in determining the slope of a line.
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Two points on the line are (1, 2) and (5, 4), so we set xl
y1 = 2, x2 = 5 and y2 = 4. The slope is given by the formula

Y2 Yl Azm
X2 - X

1
Lx

4 - 2
5 - 1

2

4

Slopes are expressed as fractions in reduced form so we reduce the
fraction 4 and write m = . Since m = = this result means
that there is a change of 1 in the y-coordinate for every change of
2 in the x-coordinate.

15-3 Does the Slope Change When A Different Point is Chosen First?

Does the choice of which point is the first point make a

difference? Let us find out by setting xl = 5, y1 = 4, x2 = 1,

and y2 = 2.

The order of points makes no difference.

14
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15-4 Positive, Zero, Negative and Undefined Slopes

The slope of any line that rises to the right is a positive
number.

The slope of a horizontal line is zero, because yl = y2, or

because the rise is zero.

1

; I

TT-

rt r 41
I 2 3 4- 5

x

If a line rises to the left, the slope is a negative number.

maw immommournsim maiinniamommomismommum

MOM
MIMIN.1111111 MU MEM MNMIIIIIIIM11111111111MMIE111111111111111111111111MII
MINNINIIMINIMINIMIIMMEI NMNM NMI II1I
MINN MEM IIIMMIIMIN MINN NM0 MEAN
IPIIINMII1111811111M111111MIMINIMINIMMIll
MIME IINNIMMIIIMMIIIIMMENIII11111MIIIMLIMINIMMINIIIME111111011 11111.11111

MEM
NENE 11

I 2 3 4 5

The slope of this line may be found by setting xl = 3, yl = 0,

x2 = 1 and y2 = 6.

m 6 - 0
1 - 3

6

-2

= -3

44/
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The line could alternatively be said to fall to the right, which

would imply that xl = 1, yl = 6, x2 = 3 and y2 = 0. The slope is

calculated to be

m 0 - 6
3 - 1

-6
2

= -3

the same result as before. However, notice that we used a rise of

-6. It is perfectly okay to have a negative rise.

The slope of a vertical line is undefined, because x
1

= x
2

, or

because the run is zero.

MMII M IMEMMEMIMMIIIMIMOMMO
MMEMMEMMEMMEMIMMEMOMMEMEM
MIIMMOMEMWOOMMIMMEMEMEMMIMEMMOMMOMMEMIMMEMMOMMEMUMUMMERUMEMMUMMMUUMMOmommmemmwswmommimmumm
MEMMIMMUMMEMMIMMMEMMMO IMMESEM
IIMMEMMEMINIAMESMOMMEMOMMIMIMMEMMOMMUMM MMEMMIIM IMMIMMMmommommommmimmommommmommimummmlimmommommmmmmmmom mommommommonmsE MMAMMEMM M

EMMIIMENIMMIMMOMME
MIIMM MMEMOMMAMMEMEMMIONMEIIMMNSMMONAMMMEMMMU

0 I 2 3 4

Since the run is zero, the denominator of the expression rise
isrun

zero. As you know, the result of division by zero is undefined.

PROBLEM SET 15:

1.

All answers are numbers.

a. y2 - yl =

146

b. Ax

1 4 j

c. rise =



d. x
2

- x
1

=

e. Ay =

f. the change in x is

g. run =

h. the change in y is

k. The ratio of the change in y
to the change in x is

Find the slope of the line connecting the following pairs of points:

2. (8, 6) and (13, -4) 5. (-3, 1) and (-2, 8)

3. (1, 0) and (-1, 0) 6. (3, -2) and (-S, -4)

4. (0, 2) and (0, -3) 7. (8, 13) and (5, -13)

8. Determine from the graphs whether the slope is +, 0, or undefined.

a. d.

b.

mot

X

e.

c. P.

x

1.46

x

x

X
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9. Determine the slopes of the given lines.

I

'1
1

-X

3 -2

..-1

---

.

.2

2D

1D

-30

10. On a single graph draw lines through the point (7, 5) having the following

slopes:

1

4, -4, () -1 HINT:

rise = Ay

remember that -4 =
1.

run = Ax

a. What is the slope of the line that descends most rapidly?

b. If the numerical value of the slope is increased, but the sign remains

the same, what is the effect upon the line?

c. What appears to be the relation,hip between the line having a slope of

-4 and the line having a slope of 1
27
4'

11. Find the slopes of the sides of a triangle having the following vertices:

A = (3, 2), B = (6, 5), C = (3, 8)

12. Use the definition of slope to show that the points A = (-4, -6), B = (1, 0),

and C = (11, 12) lie on a straight line.

13. Points A = (0, 0), B = (2, 3), and C = (10, 15) all lie on the same line.

a. Find m for AB, AC, and BC.

b. What would be the slope of AP for any point P on the line?
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14. The graph below shows pressure (P) in cm of mercury as a function of depth

under water (d) in meters. Find the slope of the line.

3

0

2

eL
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15. The graph below shows the mass of the element titanium as a function of its

volume. Find the slope of the line. In this case the slope is the density of

titanium in units of grams per cm3 .
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SECTION 16:

16 -1 Linear Functions of a Special Type

If the ordered pairs which make up a function graph as points
along a straight line, the function is called a linear function.
The purpose of this section is to obtain the equations of lines
which pass through the origin.

Once again, we turn to that useful device, the function machine.
When we feed a certain machine 0, it puts out 0; when we feed it 2,
it gives us 3; when we put in 4, we get back 6.

4

6

If the input is 6, the output is 9; and if 8 is put in, 12 comes out.

Let us call the input x and the output g(x). The domain is
tO, 2, 4, 6, 8) and the range is fo, 3, 6, 9, 12). The function
may be listed as a table or plotted as a graph.

9(4

x g (x)

0 0

2 3

4 6

6 9

8 12

The operation this machine performs is multiplication of the input
number by 2. This fact can be expressed as an equation:

3
g (x) = 2

14,9
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Consider now the line which passes through the points of
the graph of the function g. This line represents the function
of f. The domain and range of f are all real numbers.

qid

12

10

8

6

2

I I II III! x.
O 2 6 8 10 12. 14 16 16

Recall that we defined the slope by the formula

or

Y2 ylm
- xx2 x1

= xA
Ay

Since we may chooseany two values, of x to use in the formula, we
will let xl = 0, and x2 = 8. Therefore

now calculate the slope.

m 12 - 0
8 - 0

12
8

3

2

yl = 0 and y2 = 12. We

Observe that the value of the slope is the same number as the
coefficient of x in the equation of the function machine,

g(x) = x
2

The observation that the slope of the line is equal to the coefficient
of x in the equation can be made for any line passing through the
origin. This will always be true for linear functions written

in this form. This is a very useful property. It allows us to

determine the slope of a line by merely looking at its equation.
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EXAMPLE:

What is the slope of the line described by the equation y =
(7147r2)x.

SOLUTION:

The coefficient of x is the slope.

m = 7147r
2

In summary, we can say three things about any equation of the form
y = mx.

1. The graph of the equation is a line.

2. The line passes through the origin.

3. The slope of the line is the coefficient of x.

16-2 Finding an Equation From a Graph

EXAMPLE:

Find the equation of the line.

SOLUTION:

X_

- = -a

Since the line passes through the origin, the equation is of
the form

y = mx

The slope m is obtained by the equation

risem
run

-2
3
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Substituting this value for m, we obtain

2y

EXAMPLE:

Find the equation of the line

SOLUTION:

An inspection of the graph reveals that the run is zero. Con-
sequently, the slope is undefined because division by zero makes
fractions undefined. A further consequence is that we have no
value to substitute for m in the equation y = mx. We must find
another method for writing the equation.

Fortunately there is a simple alternative. We leave y out of
the equation entirely and write

x = 3

An equation of this type may be used to describe any line perpendic-
ular to the x-axis. The constant is simply the x-coordinate of the
intersection of the line with the x-axis (see Section 15-4).

16-3 Graphing a Line From Its Equation

EXAMPLE:

Draw the graph of the equation

y = -2.5x

SOLUTION:

First we recognize that this equation is in the form

y = mx
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Therefore, the graph is a line which goes through the origin and
has a slope of -2.5. To graph a line it is necessary to know two

points on the line. We already know one, the origin. We can use
the information about slope to generate another point.

slope rise
run

-2.5
1

We see that a rise of -2.5 and a run of 1 will give a slope of
-2.5. We are now ready to graph the line.

1. We place a point on the origin.

2. Starting from the origin, we go down 2.5 (rise = -2.5) and

then right one unit (run = 1). We place our second point at this

spot.

3. We draw a line through these points.

y

The diagram shows that we

a

could have used a rise of -5 and a run
of 2 to end up with the same line.

16-4 Simplifying an Equation to Find Its Slope

EXAMPLE:

What is the slope of the line represented by the equation

y = 3x - 7x + x(3 - 1.5)

15,
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SOLUTION:

y = 3x - 7x + x(3 - 1.5)

= -4x + x(3 - 1.5)

= -4x + x(1.5)

= -2.5x

m = -2.5

16-5 Direct Proportion

The idea of direct proportion is an important one. It may

surprise you to find out that you have already used the idea in

this course. When you learned the technique of dimensional algebra,

you learned how to set up direct proportions. The only new thing
in this section will be the language connected with direct proportion.

Let's get started with a simple dimensional algebra unit con-
version. We will then compare the old terminology of dimensional

algebra to the new terminology of direct proportion.

EXAMPLE:

Convert 17 meters to cm.

SOLUTION:

We use the identity

100 cm = 1 m

to set up the conversion factor

100 cm
1 m

We put the 100 cm on top because we want to end up with cm on top.
Next we write

0(length in cm) = 1 0 cm
(length in m)

When we substitute 17 m for the length in meters we get

(length in cm) 100 cm

= 1700 cm

15 ,
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The direct proportion statement in the example is

m(length in cm) = 100 c
-- (length in m)

In the language of direct proportion this sentence is read, "Length

in cm is directly proportional to length in meters." The conversion

factor is called the, proportionality constant. Commonly, propor-

tionality constants are stated without units, although it is okay
to include units if you want to.

We will be asking you to translate statements in the language

of direct proportion into equations.

EXAMPLE:

Translate the statement, "Volume in cm3 (c) is directly propor-

tional (k) to volume in m 3
(m).

SOLUTION:

c = km

In summing up this section we want to point out that simple

unit conversions and direct proportions are both examples of linear
functions of the type

y = mx

For example, if we were to graph the relationship between cm and
meters, the graph would be linear. The slope would be 100 and the

line would go through the origin.

PROBLEM SET 16:

1. List three things that can always be said about an equation of
the form

y = mx

2. Find the slope of the following lines by inspection:

a. y = 3
d. y = -5x

103
b. y = x e.

Y 62 x

21
c. y = -5 x f. y = 103x
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3. Reduce the following equations to standard (y = mx) form and
find the slopes.

1
a. y = 3x - -Ix

b. y = x(3 - 4-) + 2x

27c. x - -4-x = y
18

d. y = Tx - 28x + 3x

41
e. y = x - 7 x

f. 3x + 7x =

g. y = -2 x - -1 x
3

h. y = (3 - 7)x -
2
x

i. 30x + 2x = y

j. y = x(41 - 11) + 17x

4. Find the equation of the line passing through the origin (0, 0)

and:

a. (3, 3)

b. ( -2, 8)

c. (2, 7)

d. (-3, -10)

-?7)-

5. Graph tho following equations.

a. y = x

b. y =

c. y =
1

3 3
f. (-

5
5)

' 5

g. (3, 0)

b. (0, 3)

i. (

1 817/

8 33. (3.8)

d. y = -5x

e . y = 3x - 3(x + 2x)

f. y = x -x

6. The equation d = rt (distance is directly proportional to time)

is a linear function in the form

a. d corresponds to

b. r corresponds to

c. t corresponds to

Y= mx.

in equation Y = MX.

7. a. Translate the statement, "The mass (m) of a sample of an

element is directly proportional (k) to the number (N) of atoms

in the sample," into an equation.

b. What variable corresponds to f(x) or y?
1 5 6.
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c. What variable corresponds to m?

d. What variable corresponds to x?

For Problems 8 through 21 write equations which describe the given

statements.

8. The volume (V) of a quantity of gas at constant pressure is

directly proportional (k) to its temperature (T).

9. The volume (V) of pine wood is directly proportional (k) to

its mass (m).

10. The barometric pressure (B) is directly proportional (k) to

the height (H) of a column of mercury in an evacuated tube.

11. Thu gauge pressure (g) experienced by an underwater diver is

directly proportional (k) to his depth (d).

12. Length in feet (f) is directly proportional to length in meters (m)

13. Force in pounds (1) is directly proportional to mass (m) in

kg on the surface of the earth.

14. Distance in miles (M) is directly proportional to distance in

kilometers (K).

15. Force (F) is directly proportional to acceleration (a).

16. Pressure (P) is directly proportional to force (F) as long as

the area remains constant.

17. The interest (I) earned by a savings account is directly propor-

tional to the amount (A) in the account.

18. Distance in furlongs (f) is directly proportional to distance

in decimeters (d).

19. The volume (V) of a cubical object is directly proportional to

the cube of one side (S 3
).

20. The mass (m) of water is directly proportional to the volume

of water (V).

15;
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21. The graph below relates the mass of water (m) in kg to its volume

(v) in ml. Notice that the scales for the two axes are different.
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VOLUME OF WATER (m1.)

a. Write a sentence in the language of direct proportions.
which describes the graph.

40oo

b. Find the slope of the line. Hint: It is not 1 because
the scales of the two axes are different.

c. What is the proportionality constant?

d. Write an equation of the form y = mx which describes the
graph.

138
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22. The graph below relates the mass of mercury (m) to its volume
(v).
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a. Write a sentence which uses the language of direct propor-
tions to describe the graph.

b. Find the slope of the line.

c. What is the proportionality constant?

d. Write an equation of the form y = mx which describes the
graph.
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SECTION 17:

17-1 More Linear Functions

The graphs'of many linear functions do not pass through the

origin. Consider the function

f (x) =
1x + 1 .
2

The function is shown below as a table and as a graph. Also shown
on the graph is the function

f(x) = 1x .
2

x f (x) =-1 x + 1
2

0 1

1 12
2 2

-1
1

-2 0

-
1 '

2
(

1

(1.)

-2 -1 2

,

11

x

How does 1the graph of f(x) = + 1 differ from the graph of
1f(x) = 1

i? The slope of both lines is 7, as can be seen by de-
termining the rise and run of each. However, the graph of f(x) =
1
7 x + 1 crosses the y-axis at the point (0, 1) instead of at the

origin.

Consider another function,

f (x) = 1 x + 2.
2

This function is tabulated and graphed on the next page. The
graphs of f(x) =

2 2
x + 1 and f(x) = x are shown again for com-

parison.

1 6 0
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x f(x)=-2 x+ 2

0

1

2

-1

-2

2

1
2 7

31

1 --
2

1

Y

RI 3 II
V"

112
p- 0\

2'

Pr% ea PP.uu a imILIPPM

_m_, I
.1 I..11 I I I _

x

1 1The line representing f(x) = y X 72 has a slope of , the same

slope as the other two lines; but it crosses the y-axis at the point

(0, 2).

The observations we have made about the functions graphed above

enable us to make general statements about equations of the form

f(x) = mx + b (or y = mx + b). The coefficient of x is the slope and

has the same meaning as in equations of the form y = mx. The term b

is called the vertical intercept or the y-intercept, because it is
the value of y at the point where the line crosses the y-axis. This

can be shown by noting that x = 0 where the line crosses the y-axis

and substituting x = 0 into the equation

164

y = mx + b

= m 0 + b

= b

EXAMPLE:

Determine the slope and y-intercept of the equation

y = -7x + 3.4

without drawing a graph.

SOLUTION:

The equation y = -7x + 3.4 is of the form y = mx + b. The

slope is m, which is -7. The y-intercept is b, which is 3.4.

1 fi



The next example illustrates how to draw the graph of an

equation of the form y = mx + b.

EXAMPLE:

Draw the graph of the equation

1y = x + 2

using the slope and y-intercept.

SOLUTION:

The equation is of the form y = mx + b, and therefore repre-

sents a linear function.

The y-intercept is 2, meaning the graph passes through the

point (0, 2).

1
The slope is T, so another point on the line may be located

by measuring from the point (0, _; a rise of 1 and a run of 4.

The two points are connected to -7i.re the desired line.

Y

I / 1 4

INTERCEPT
..---1- -a-- ___....1____.

Y Rts' 1

RuN

1

-
t

RI5E
RUN

impt_m5C
=ff

.0,

o.,
X. ,t,

.
SLAPE=ic

. 1
4

_ i -1

Frequently we are required to find the equation represented

by a graph. If the graph is a straight line, we may find the

equation using the sort of reasoning used to solve the following

problem.

EXAMPLE:

Determine the equation of the line graphed on the following

page.__
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Y

(-6,0)

Mk

5
4
3

2

-8 -7 6 -5 -4 -3 -2

2

-3
4

RUN= 6

1 2 3 4 5 6 7 8
1

1 1

6
7

SOLUTION:

X

Since the graph is a straight line, its equation may be
written in the form y = mx + b.

From the intersection of the line with the x-axis (-6, 0)
to the intersection with the y-axis (0, -4) the rise is -4
and the run is.6.

The slope is found from the equation

m rise
run

-4
6

3.

The y-intercept is b, which is -4. Therefore, the equation
of the line is

y = - 2
x - 4.

I6
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PROBLEM SET 17:

1. Determine the slope (m) and the y-intercept (b) for the lines by

inspection.

12 1
a. y = -

3
x + 3 d y=-7 x- T2

2

b . y = 4x - T e. y = 3x

c. y = Tx +
8
.y f. y =18

5

2. Convert to the form y = mx + b and determine the slope and y-intercept

by inspection.

a. y = 3(x - T)

b. Y = 2(2x + 3) -

c. y = 1Tx - 8

3. Graph the following lines,

d. y =
8

- 3) + 8

e. y= 2 2x 4* 1) -7x

f. y = -16(t- - x) + 3x - 2

a. y = 2x + 2 c. y = x - 2

b. y = -
1

x + 1 d. y= 3
3

4. Determine the equations describing the following lines.

a.
Ja
R

6L
4

-if z

-6

A
A Ai(

b 8to

40

b.

4

4

2

0 7 4 g

16.#
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c.

7

4

I

-Y6 -4 -z a /0

4

16j;

d.

f.

-10

4 Ai

1

4 6
11v,

g As)

&Pe.,

i..
* 4

2..
116

-16-r

"10

6
Z

I



5. When pulmonary arterial pressure is plotted as a function of cardiac

output, a graph similar to the one illustrated is obtained.

32

29

24

4 -- 20

cyt 2:
U-1 E 1 6

,- 2

4

B

A

oo
4 B 12. 20 24 28

CA12DIAC OUTPUT (LITEP5hAiN)

Notice that the graph approximates a straight line between 4 and 16 liters/min.

a. Give the coordinates for the two end points (A and B) of this straight

segment of the graph.

b. What sign would you expect the slope for the line through these two

points'to have? Why?

c. Find the slope of AB.

d. From the graph, find the coordinates of the y-ihrel:ept of the approximating

straight line.

e. Write an equation for AB in the form y = mx + b.

f. Using the equation found in Part e, find the value of pulmonary arterial

pressure when cardiac out put equals 6, 10, 12 and 15 liters/min. Compare your

results with the graph as a check.

g. For what domain does the line found in Part e approximate the cardiac

output-pulmonary arterial pressure relatioilifl?

h. Find the range associated with thr fixnain in Part g.
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SECTION 18:

18-1 Finding the Equation of a Line from Two Points

In the preceding sections, you learned how to determine the

equation of any line by finding the slope and y-intercept from its

graph. It is also possible to determine the equation, without

drawing a graph, from a knowledge of just two points that lie on

the line. This technique is often useful in solving biomedical

problems.

Suppose we know that two points on a line are

(x1, y
1

) = (3, 4) and

(x2' y2) (8, 9)

and we are asked to find the equation of the line. We recall that

the equation of the line is of the form

y = mx + b,

and that the slope m is defined by the equation

Y2 Ylm
x2 xi

Knowing (x1, y1) and (x2, y2), we can calculate m.

9 4

m 8 - 3

5
-

= 1

and y=lx+b
or y = x + b

The y-intercept, b, may be found by substituting either pair

of coordinates into the last equation. We substitute the pair

x
1
= 3 and y

1
= 4.

1 t
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4 = 3 + b

4 - 3 = 3 - 3 + b

1 = b

Therefore the equation of the line is

y = x + 1.

If we had substituted the other pair of coordinates, the result
would have been the same.

x2 =

9

8 and y2

y = x + b

9 = 8 + b

- 8 = 8 - 8

1 = b

y = x + 1

= 9

+ b

.16'8
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PROBLEM SET 18:

1. Refer to the accompanying graph. Answer true or false for each of the

following statements.

a. Line A and line B have equal slopes but different y-intercepts.

b. Line A and line B have equal y-intercepts but different slopes.

c. Line A and line B have different slopes and different y-intercepts.

2. Refer to the accompanying graph.

a. What is the slope of line A?

b. What is the slope of line B?

c. What is the y-intercept of line A?

d. What is the y-intercept of line B?

II
111111111=1111M111111=1111/P21

M111/211111NWIllnd
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3- Refer to the accompanying graph. Answer true or false for each of the

following statements.

a. Line A and line B have equal slopes but different y-intercepts.

b. Line A and line B have equal y-intercepts but different slopes.

c. Line A and line B have different slopes and different y-intercepts.

4. Refer to the accompanying graph.

a. What is the slope of line A?

b. What is the slope of line B?

c. What is the y-intercept of line A?

d. What is the y-intercept of line B?

. .. .... .. smmannummmaimummummommilm.
MEMMEIMMEMMINIMMEMMEMEMMEMMEM
MEMEGMUMMEMWMUMMAMMUUMIMMOIMMlimmummommanommorrawmamm
mommummommammommm:ammummmM MMEMEWIPEiMMEME OMMMEM M PEZIMMEMMMEMMEMEMMEMEMOIMMEIM INIMEMMilmmTiamummmv rim
MWMOMMMOOMMIIIIMMEAMEAMMEMESAMMMMMME EMMIMEMMMUM MEMMI ER EWAMMEMMEMMINIM MM M IAAMMEMEMEM MM EFAMMEMW M
MMEMMINIMMEMEMEMMEMMIKQEMOMMMMmmommommommommEmEmMOMEImmu
MIOMIIMMINIMMIIME IIMIMIIIM MMEME OMMIINMEMOM M MMMEMMEMMEMEM M

Find the equation of the line passing through each pair of points.

5. (4, 6) and (20, 30)

6. (8, 8) and (10, 8)

7. (1, 5) and (2, 6)

8. (3, 4) and (9, 22)

9. (-5, 3) and (5, 18)

10. If a line has a slope of 6 and passes through (1, 9), what is its equation?
(Hint: First write the equation as y = 6x + b.)

1 70
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11. If a line has a slope of -3 and passes through (4, 7),what is its equation?

12. If a line has a y-intercept of -4 and passes through (8, 12), what is

its equation? (Hint: First write the equation as y = mx - 4.)

13. If a line has a y-intercept of 7 and passes through (7, 21), what is its

equation?

14.

x y The accompanying table lists the coordinates

-3 -4 of some of the points on a line.

-2 -1 a. Graph the line.

-1 2 b. What is the y-intercept of the line?

0 5 c. What is the formula for the slope of a line?

1 8 d. Use the formula to determine the slope

2 11 of this line.

3 e. What is the equation of this line?
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SECTION 19:

19-1 The Expansion of Air With an Increase in Temperature

The manufacturers of rubber rafts warn that their rafts not be

allowed to sit around in the hot sun for extended periods. They make

this warning because the heat of the sun is sufficient to rupture the

raft due to the tendency of air to expand when heated.

On the other hand, an inflated inner tube which is left outside

overnight will appear to be less inflated in the morning. This happens

because air tends to contract as it is cooled.

By now you should have performed or witnessed an investigation

into the relationship between the volume of a quantity of trapped air
and its temperature. In math you will graph the data and compare

your results with "Charles Law." Charles Law is the name given to

the formula which describes the relationship between volume and tem-

perature for a quantity of trapped gas at constant pressure.

19-2 Graphing the Data

Below is a sample set of data

TEMPERATURE
(°C)

similar to that which you have.

LENGTH OF
AIR COLUMN

(cm)

56 18.0

49.5 17.6

43.5 17.3

38.5 16.95

33 16.6

27 16.3

22 5 16.0

17 15.7

10 15.3

2.5 14.9

Almost certainly, your data will not have a single ordered pair

identical to one in the table above. This isa result of the very

small likelihood of starting out with the same quantity of trapped
air. Room temperature is in the neghborhood of 22.5° C.

72
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The length of the air column at 22.5° C was 16.0 cm when we ran
the experiment, This was our initial amount of air. If your initial
quantity of air differs at all from this, then none of your ordered
pairs will match ours.

How then are we to make sense out of all of the different sets of
data? We will do it by way of Charles Law. It makes two predictions
about the appearance of the graph of every set of data.

1. The graph of the points will be linear.

2. The line will go through the point (-273° C, 0).

We will talk more about the significance of -273° C later, but
now we wish to see if the predictions of Charles Law are accurate.
To do so, we will need to graph the data. To insure that the point
(-273° C, 0 cm) will appear on the graph, we add this ordered pair
to the sample data set. Next we follow the procedure described in
Section 11 for scaling the graph, using our sample data. You will be
following the same procedure, using your own data.

1. We find AT and AV for each column.

AT = 56 - (-273)

329

AV = 18 - 0

= 18

2. We find the best scale for each axis.

AT: Long Axis

329 13.7 ...

Scales: 15° C per big unit

3° C per little unit

AV: Short Axis

18
1

18

AT: Short Axis

329
18.27 ...18

Scales: 20° C per big unit

4° C per little unit

AV: Long Axis

18
= .7524

Scales: 1 cm per big unit 'Scales: 1 cm per big unit

.2 cm per little unit

178
1 7.,

.2 cm per little unit



3. An examination of the possibilities reveals that putting

temperature on the long axis and volume on the short axis is the

best choice. Of course the scaling system you use on your own graph

will depend on your particular data. It may turn out to be the same

as the one presented here or it may not. What we can say is that your

graph should resemble the following one in its general appearance.

Lengslh of Air
Column CCM)

(-2740)
(0,0) Celcius Tempera-hot 0149

As you can see it is possible to draw a line through (-273, 0) which

fits the data points fairly closely.

19-3 More About the Significance of -273° C

Negative 273° C or more exactly -273.16° C is called "absolute

zero." It is the temperature at which all molecular motion would

be completely stopped if it were possible to cool anything to this

temperature. Curiously, it is impossible to chill anything to absolute
zero. Unfortunately, we cannot explain why this is true. The reasons

are too complex for you to understand with your present background.

As you can see from the length of the temperature axis on the graph,

absolute zero is very much colder than the temperatures we commonly
experience. In fact, the lowest temperature ever recorded in the

Antartic is only -88 ° C. In the neighborhood of absolute zero every-

thing is frozen solid except the inert gas helium, which is liquid.

19-4 The Kelvin or Absolute Temperature Scale

Degrees above absolute zero is the natural way to measure the

temperature of gases. Temperature Celcius is converted to absolute
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temperature by adding 273 (or sometimes more precisely 273.16) to
temperature Celcius. For example 0° C, the freezing point of water,
is 273° absolute. Absolute temperature is also known as "Kelvin"
temperature, after Lord Kelvin, a famous British physicist.

Notice what happens when the temperatures in our data set are
converted to degrees Kelvin or absolute. -273° C becomes 0° K.
Consequently, the line on the graph will go through the origin (0° K,
0 cm) when the absolute temperature scale is used.

i.e.94 of
4ir Coluatn
(cm)

(o,o) Z7,575

Notice that our original data point (2.5° C, 14.9 cm) has now
become (275.5 °K, 14.9 cm). This is true because 2.5° C = 2.5 +
273° K = 275.5° K. The conversion of Celcius temperatures to absolute
greatly simplifies the equation used to describe the relationship
between volume and temperature. As you know any line which goes
through the origin may be described by an equation of the form

y = mx

Since we are concerned with temperature (T) and volume (V), we will
use the letter T for x and V for y to write

V = mT
This is an algebraic statement of Charles Law.
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PROBLEM SET 19:

In all problems use -273° C for absolute zero.

1. Express 0° C as a Kelvin temperature.

2. Express 0° K as a Celcius temperature.

3. 10° C = ° K.

4. 250° K = °C.

5. -40° C = °K.

6. 400° K = °C.

7. a. Graph the results of your own Charles Law investigation.

Include absolute zero on your graph.

b. Draw a line through absolute zero and the rest of your points.
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SECTION 20:

20-1 The Relationship Between Pressure and Volume for Gases

In this Section we will show how skills associated with linear

functions may be used to analyze a nonlinear relationship. Our pat-

tern of attack will be similar to what we have just been through for

Charles Law.

However, before beginning this math section you must complete

all of the calculations associated with the "Effect of Pressure

Change on the Volume of Confined Gas" Laboratory Activity 16 in Science.

When this is done, your data will be similar to that shown in the
tables below.

SAMPLE DATA:

PLUNGER/SYRINGE
ACTIVITY

Pressure Volume
( cm2) (ml)

0 35.0

170 30 ± 1

410 25 ± 1

770 20 ± 1

1380 15 ± 1

LIQUID FILLED TUBE
ACTIVITY

Pressure Volume
( /cm2) (cm of tube len th

225 16.4

150 17.5

75 18.6

0 20.0

-75 21.6

-150 23.4

All pressures should be converted to g/cm2. The units used for volume

depend upon the particular lab activity performed. If the plunger-

syringe activity was done, then volume should be in ml. Also, each

volume, other than the initial one of 35 ml, should be stated as a

range of imprecision. If you performed the activity wach invovles

a liquid filled tube, then the units of volume should be "cm of tubing."

This is not a standard unit of volume to be sure, but it saves us

the trouble of converting all of the tube lengths to cm3.

On the following pages we have sample graphs of P vs V for each

experiment. Notice that the points do not lie on a straight line.

This feature of the graphs may be best seen by looking at them from

a low angle.
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q at Graphs From a Low Angel to Best See Curvature

Since we don't know how to derive equations for any other kinds of

functions but linear ones, it would appear (superficially) that we

are stuck, stymied and stopped. However, this isn't so.

First of all we stop pretending that nobody knows the equation

which relates pressure and volume at constant temperature. In fact,

it is well known. It can be found in many places later on in this

book and in any other chemistry or physics text that you might care
to look in. Discovery is certainly an important part of science. How-

ever, no scientist who wants to uncover new facts will spend all of

his time rediscovering already known facts. He makes good use of a

library to make sure that he begins where others have stopped. His

insurance policy is a skeptical attitude. He always reserves the

right to reproduce somebody else's results. However,he will take many

things on faith. One of those things is Boyle's Law, the law which

relates pressure and volume for gases at a constant temperature. It

states that

PV = k

or, in other words, the produce of pressure (P) and volume (V) is a

constant (k).

20-2 Straightening Out a Curve

We are now in the position of checking out the work of others.

There is a way to do this which is more informative than multiplying

all of the P's and V's. We will use our newly acquired skills with
linear functions.

1Suppose that we first find Ti for each volume. Then we plot
as a function of P. We assert that if PV = k, then the plot of P vs
1
u will be linear. Furthermore the extent to which the points deviate

from linearity is an indi::ation of the rree of disagreement between

observation and theory. 00
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20 -3.A Derivation of the Assertions in Section 20-2

We feel an obligation as mathematicians to demonstrate, mathe-
matiCally', the truth of the assertion in the previous section.

If

k = PV

then the equality will remain true when both sides are divided by Vk.

When the canceling is done, %a ,lave

or equivalently

1 P
V k

because m 1
ultiplying by z- is equivalent to dividing by k. Now recall

1 1that we will plot 7 on the y-axis. We substitute y for in the equa-
tion to get

= (Tit) p.

S.larly we substitute x for P to get

This is a linear equation of the form y = mx where m in this c..:ase
. 1 1Is ySo we see that Boyle's Law predicts that a plot of as a

function of pressure should be a straight line.

1 8
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PROBLEM SET 20:

1. What units should all pressure data be stated in?

2. What units should volume data from the syringe activity be stated

in?

3. What units should volume data from the liquid filled tube activity

be stated in?

4. How does a scientist make sure that he doesn't spend all of his

time rediscovering already known facts?

5. How does a scientist protect himself from the of

placing false trust in somebody else's results?

6. (True or False) If the relationship between variable!3 is nonlinear,

then skills associated with linear function: cannot he used to analyze

the relationship.

7. Graphs of P vs V are (linear, nonlinear)

8. We expect a graph of P vs to be (linear, nonlinetar;,
V

9. What is the name given to the relatiohip between pressure and

volume at constant temperature?

10. Where else is it possible to find the matimatical formula which

relates pressure and volume at constant temperature?

11. Calculate for eaci of your volume mea'5urents. If you prfoinedV
the syringe activity calculate 1

.7.7 only for the midpoint o your ran:ie

of imprecision.

. 1
12. Scale and graph your own set of_ (P, /7) ordered pairs.
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SECTION 21:

21-1 Another Feature of Functi,..,ns of the Form y = mx

In Section 20-3 we mentioned one characteristic of a function of

the form y = mx. It's graph will always 1.)e linear. Furthermore, we

claimed that a graph of P vs 1
would also be linear. This is due to

Boyle's Law which claims that PV = k. This equation may be rewritten
1 1 1

iin the form y = mx + b as k-f = iIn other words if is allowed

to be the y-coordinate and P is allowed to be the x-crNordinate then

we expect the graph to be linear. By now you should have completed
1the graph of g as a fUncti n of P. If everything was done properly,

then you have by now, confirmed the truth of this prediction.

Now we are in a position to deal with another feature common to

all functions of the form y = mx. The line will always go through the

origin. The line on the graph you constructed should not go through

the origin. Can you think of a reason?

3e'.ore we t-111 you the answer outright we will try to lead you

to deduce the c,;:,crect answer based upon your experience with Charles

Law. Recall that when we first graF* -7 volume as a function of tem-

perature the graph resembled the sk:...ch below.
VOLUME

AncLunEzow
Notice that the line did

0° Celcius is about 273°

equation of the form y =

"TrfrIPERA VIRE

CELCIU5

not go through the origin. This is 3ecause

C above absolute zero. In order to write an

mx which described the relationship,we had

to measure temperature in absolute terms. This meant that we had to

add 273° to each temperature datum. When this was done we could write

V = mT where T was'stated in terms of absolute temperature.

18, 189



We are now faced with a parallel situation with our graph of P

vs
V1. The line does not go through the origin, even though we expect

1the relationship between P and
V to be described by an equation of

the form y = mx. Our experience with Charles Law leads us to suspect

that our zero pressure is not absolute zero pressure. You have probably
heard of the term "atmospheric pressure." It seems reasonable to

suspect that our zero pressure is atmospheric pressure above absolute

zero pressure.

We can check our suspicions by finding the horizontal intercept

of the line which goes through the graphed points. We have sketched
the situation below.

HOP izaVTAL
/N7L-RCEPT

PRESSIIRE

TAESOLUTE ZERO PRP55URE ZERO GAUGE PRESSURE

A7VAIOSPHER IC
PRESSURE ?

We can find the horizontal intercept either graphically or analytically.

Then we-can compare the distance between the horizontal intercept and

zero to atmospheric pressure. Your teachers should have a record of

1 8 ,
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atmospheric pressure for the day that the activity was performed.

The two figures should agree fairly closely.

21-2 A Graphical Method of Finding the Horizontal Intercept

You have a graph of the data which is not large enough to graph-

ically extrapolate the line back to the horizontal intercept. This

difficulty might be overcome by taping additional pieces of graph paper
to your existing graph. We indicate how this might be done in the
diagram on the following page. The main idea is to keep taping (or

glueing) on additional pieces of graph paper while keeping the original

scaling. The process stops when enough pieces have been added to allow
the line to CTJSS the horizontal axis. The horizontal coordinate of

this intersection may then be found.

21-3 An Analytical Method of Determining the Horizontal Intercept

T1,is technique may be conceptually more difficult but saves con-
siderable time.

First we find the equation of the line on- the graph in standard
y = mx + b form.

The vertical intercept, b, may be read directly off the graph.

For the sample liquid filled tube data it is .050.

The slope of the line should be calculated from two points which

are widely separated. This will tend to reduce the imprecision of our

final result by reducing the effect of scale reading error on the slope
calculation. In a further effort to reduce scale reading error you

should try to find a printed grid intersection that the graphed line

intersects exactly.

PRIN7FID GRID ON
GRAM R, 7e

GRAPHED LINE

LOOK FOR 7H/5 517VA770A/
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You should look for a situation like this as close to the extreme

right or left of the graph paper as possible. On the sample graph

on the following page we have chosen the point (288, .064) as our

first point.

Now, we are ready to choose the second point. Foreknowledge

of the pattern of solution tells us that the rise should only have a

single nonzero digit in its decimal expression. This is because we

will have to divide by it before we are through and we want an easy

division task. Therefore we use two criteria to choose the second

point.

1. The rise should only have a single nonzero digit in its

decimal expression.

2. The second point should be as far away from the first as

possible while at the same time it

a. fulfills #1 above

b. it is still on the graph paper.

For example, the y-coordinate of our first point is .064. The maximum

rise on the graph paper which uses this point is .024. In other words,

from .040 (the smallest y-value) to .064. Since .024 has more than

one nonzero digit in its decimal expression it fails to meet criteria

#1 above. .020 is the largest possible rise which satisfies #1. We

use a rise of .020 to select our second point. The y-value .044 is

.020 below .064 on the graph. Finally, we find the x-coordinate which

corresponds to a y-value of .044. A close inspection of the graph

reveals that it is about -123. Hence our second point: is (-123, .044).

We can now calculate the slope

rise
m run

.064 - .044
288 - (-12IT

.02
411

We leave this expression in quotient form in the hope that we can

simplify it later on. By combining our information on slope and

intercept, we get the equation for the line.

.02y
411

x + .050
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The calculation of the horizontal intercept is now straightforward.

We want to find out what x is when y is zero. To do this we simply

substitute zero for y and solve for x.

.020 = Tfrx + .05

We subtract .05 from each side to get

.02
-.0' 411x

Now we multiply both sides by 402 to get

(-.05)
411
.02 x

It should now be clear why we wanted only a single nonzero digit in

the decimal expression of the rise. Division is greatly simplified.

After a common factor of .01 is cancelled we get

5
f (411) = x

5Since f is 2.5 we see that

or

-(2.5)(411) = x

-1027.5 = x

In fact 1027.5 g/cm2 is a reasonable figure for atmospheric pressure.

PROBLEM SET 21:

1. List two charactistics of the graph of any function of the form
y = mx.

2. Why didn't our graph of volume as a function of Celcius temperature
go through the origin?

3. What had to be done to each temperature datum in order to make the

line go through the origin.

4. When Charles Law is written in the form V = mT, what are the units
of T?

5. Absolute zero temperature is about degrees below the freezing
point of water (0° C).

189
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6. We say that the equation

is in the form

1 1

k P

y = mx

1wa. What variable (i7, , or P) is plotted on the y-axis?

1wb. What variable (v-, , or P) corresponds to the slope?

1wc. What variable (7, , or P) is plotted on the x-axis?

17. Why doesn't the line on the graph of cf as a function of P go

through the origin?

8. How far should the horizontal intercept be from the origin for
1the line on the graph of P vs v?

9. Ideally, what should be added to each pressure datum in order to
make the line go through the origin?

10. (True or False) The vertical intercept or "b" may be read directly
1from the graph of P vs
V-

11. Why should the slope of the line on the P vs i graph be calculatedV
from two widely separated points?

12. a. Sketch the relation between printed grid lines and your graphed

line that should exist at the location of the first 1;)oin4.

b. What other. condition should this first point fulfill?

13. Why should the rise have only a single nonzero digit in its decimal
expression?

14. In tl.e example in the text, why couldn't a rise of .030 be used

to locate the second point?

15. Determine the slope and vertical intercept of the line on your
1own graph of P vs v.

16. Write the equation of your line in standard y = mx + b form. Sub-

stitute your numerical values for m and b in the equation.

17. Substitute y = 0 into your equation and solv for x to find the

horizontal intercept.
1 9 0
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SECTION 22:

22-1 Vital Capacity (FEV)

Vital capacity is the maximum amount of expirable air. This
quantity is used to aid in the diagnosis of certain lung ailments
such as er'physema and chronic bronchitis. So, what is a normal vital
capacity for a givrn individual? We will start out by pretending that
we don't now the answer to this question. Our purpose in this pre-
tense is to examine a method that scientists use to answer these kinds
of questions. It turns out that a method quite similar to the one we
used to "discover" them gas laws will lead to an equation that predicts
vital capacity which is based on other measurable quantities.

Recall how you found Charles Law. First you plotted measurements
of volume (vertical axis) as a function of temperature (horizontal axis).

Next we saw that a straight line which went through the point (absolute
zero, zero volume) fit the data points quite well.

Now think about Boyle's Law for a moment. First you plotted
measurements of volume (vertical axis) as a function of pressure (hor-
izontal axis). Once this was done it was obvious that the points did
not lie on a straight line. This created some problems. First of all

you don't presently have the background 1-0 write a descriptive equation

for anything but a straight line. It .s conceivable that this problill

could be taken care of with more st ay. However, tiere is a more basic
difficulty. It turns out that it is very difficult to see the differ-
ence between different kinds of curves. On the other hand, it is
relatively easy to see whether or not a set of points lies on a straight
line. In the case of Boyle's Law it was possible to get a linear set
of points by plotting the reciprocal of volume (vertical axis) as a
function of pressure (horizontal axis). We chose the reciprocal of
volume instead of volume squared, for example, because we had fore-
knowledge that it would lead to a linear set of points.

Now we are pretending that we don't know what will work for vital
capacity. How can we go about finding out what other body measurements
most accurately predict vital capacity? The first step +.s one of

imagination. We dream up all other body measurements that might have
some relationship to vital capacity. We then plot vital capacity
(vertical axis) as a function of any one of these other measurements
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(horizontal axis). Finally we examine the graphs. We find the point
set which appears most linear. We decide which point set is most
linear by judging each graph on the basis of two criteria.

1. The degree to which the points appear to be linear.

2. The "tightness" with which the points cluster around the line.

On the following pages we have graphs of vital capacity as a func-
tion of age, weight, body surface area, height and height 3

. You should
closely exa1.1.ne each graph and judge each one on the basis of the two
criter listed above. Then make a choice about which variable should
be u-' - predict a person's vital capacity. Try not to look forward
to L. at our choice before you make your own.

St-itisticians have developed techniques for evaluating a set of
points for linearity and compactness. According to their techniques,
ha -:1,1 cubed is the best predictor of vital capacity for people in

age group. For smoothly aged adults, the best method of predicting

vital capacity uses a combination of height and age.

Notice that none of the graphs exhibit the tight linearity that
we saw with Charles Law and Boyles Law. This is typical of relation-
ships between biological variables. This implies that for a given

height we will be forced to state the expected vital capacity in terms
of a range of imprecision.

Another point that ought to be mentioned is the need for a large
number of points. Without a large sample it would be difficult to

decide which predictor would give the best results.

22-2 Your Data and You

Your teacher will assign a graphing task to you. You will be
asked to plot either data for females or males. Height3 will be

plotted on the horizontal axis and vital capacity on the vertical axis.

The data you plot will be that which you collected on each other in
science class. In the following section your graphs will be compared

to the statistically derived results mentioned earlier.
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2n4

Height
in

Meters

(Height
in

Meters)

Height
in

MetersMeters

(Height
in

Meters)

1.34 2.41 1.69 4.83

1.35 2.46 1.70 4.91

1.36 2.52 1.71 5.00

1.37. 2.57 1.72 5.09

1.38 2.63 1.73 5.18

1.39 2.69 1.74 5.27

1.40 2.74 1.75 5.36

1.41 2.80 1.76 5.45

1.42 2.86 1.77 5.55

1.43 2.i.2 1.78 5.64

1.44 2.99 1.79 5.74

1.45 3.05 1.80 5.83

1.46 3.11 1.81 5.93

1.47 3.18 1.82 6.03

1.48 3.24 1.83 6.13

1.49 3.31 1.84 6.23

1.50 3.38 1.85 6.33

1.51 3.44 1.86 6.43

1.52 3.51 1.87 6.54

1.53 3.58 1.88 6.64

1.54 3.65 1.89 6.75

1.55 3.72 1.90 6.86

1.56 3.80 1.91 6.97

1.57 3.87 1.92 7.08

1.58 3.94 1.93 7.19

1.59 4.02 1.94 7.30

1.60 4.10 1.95 7.41

1.61 4.17 1.96 7.53

1.62 4.25 1.97 7.65

1.63 4.33 1.98 7.76

1.64 4.41 1.99 7.88

1.65 4.49 2.00 8.00

1.66 4.57 2.01 8.12

1.67 4.66 2.02 8.24

1.68 4.74
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PROBLEM SET 22:

1. Scale and graph the vital capacity data for either the males or

females in your class.

.1 9 9
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SECTION 23:

23-1 A Statistical Description of a Vital Capacity Point Scatter

On the following page we have a graph of height3 vs vital capacity

for the 15 female students in the Pudworthy High School Biomed class.

Statisticians have developed a set of linear equations to describe

vital capacity data such as this. They claim that 95% of all 17-year-

old females will lie between the upper and lower lines decribed below.

Upper Limiting Line: V = .75 H
3 + 1.1

Middle Line: V = .75 H
3 + .4

Lower Limiting Line: V = .75 H
3 - .3

We will demonstrate how to graph the lower limiting line on the graph.

The other lines may be graphed in a similar fashion.

First we substitute 4.8 for H3 in the equation

V = .75 H3
+ 1.1

We chose an x-coordinate of 4.8 because this will insure that the

corresponding y-coordinate will lie on the graph. In other words

we expect a line that will be below the point scatter to be on the

graph on the right side

Substituting in 'H3

and not on the graph on the

= 4.8 we get

V = .75(4.8) - .3

= 3.6 - .3

= 3.3

left.

This establishes the location of one point on the graph of the line

V = .75 H
3
+ 1.1. It is (4.8, 3.3).

In a similar fashion we find the y-coordinate which corresponds

to an x-value of 4. Without bothering you with the computational de-

tails, the point is (4, 2.7). The line which goes through these two

points is drawn on the following graph.

An inspection of the graph shows that none of the data points

falls below this line. This means that none of the female Pudworthy

Biomed Students needs to worry about the size of her vital capacity

2O
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23-2 Stating a Predicted Vital Capacity as a Range of Imprecision

The set of three lines allow us to state a predicted vital capacity

in terms of a range of imprecision. Suppose Miss Haley Tosis is 1.56 m

tall. We want to find a range of imprecision for her expected vital

capacity. First we find H3. Conveniently, it is about 3.8 m.

Next we substitute H3 = 3.8 into the equation for the middle line.

V = .T5 H 3 + .4

= .75(3.8) + .4

= 2.85 + .4

= 3.25

This number,3.25 liters, will be the midpoint of our range of impre-

cision. We could find the upper and lower bounds of the range in a

similar fashion. But there is a more straightforward way to find the

range. Notice that the intercept ("b") for the upper line is .7 more

than the intercept for the middle line. Similarly, b for the lower

line is .7 less than b for the middle line. Since all the equations

are identical but for the variation in intercept, this suggests that

the imprecision of the predicted vital capacity is .7. Hence Haley's

predicted vital capacity is 3.25 + .7 liters.

PROBLEM SET 23:

1. Graph the.upper, middle and lower lines on the vital capacity

graph you constructed.

MALES: FEMALES:

Upper: V = .95 H 3 + .6 Upper: V = .75 H 3 + 1.1

Middle: V = .95 H 3 - .125 Middle: V = .75 H
3 + .4

Lower: V = .95 H 3 - .85 Lower: V = .75 H 3 - .3

State predicted vital capacities as ranges of imprecision for the

female students in Problems 2 through 5. Include units.

2. Ima Gas: H = 1.36 m

3. Digit Alice: H = 1.41 m

4. Kate L. Chip: H = 1.59 m

5. Lynn E. R. Funk-Shun: H = 1.71 m
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Do the same for the male students in Problems 6 through 8.

6. Albert Ross: H = 2.00 m

7. J. K. Flipflop: H = 1.71 m

8. Phil Ling: .H = 1.77 m

9. a. State your own height.

b. State your own expected vital capacity as a range of imprecisior
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SECTION 24:

24-1 Open Sentences and Solution Sets

An equation is a sentence which may be true, false or open.

An example of a true sentence is

7 + 9 = 14 + 2.

An example of a false sentence is

3 = 4.

An example of an open sentence is

16x = 32.

An open sentence is neither true nor false until the variable

is replaced by a number from a specified domain. In the example

above, if x is replaced by 2, the sentence is true; if x is replaced

by 3, the sentence is false.

The solution set of an open sentence is the set of numbers which

make the sentence true. The solution set of the equation 16x = 32
is {2}.

EXAMPLE:

Determine the solution set of the open sentence

12 - x = 9

when the domain is the set of all positive integers

{1, 2, 3, ...}.

Answer: {3}

EXAMPLE:

Determine the solution set of the open sentence

4x = 10

(a) when the domain is the set of all positive integers and

(b) when the domain is the set of all real numbers.

Answers: (a) 4) , the empty set

(b) {-;}
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24-2 Solving Equations

Equations which have the same solution set are called equiva-
lent equations. For example the equations

x = 3

and x + 7 = 10

are equivalent because the solution set of each equation is {3 }.

In the example above, 7 has been added to each side of the

first equation to give the second equation. It is always true that

when the same quantity is added to both sides of an equation, the

resulting equation is equivalent to the initial equation.

It is also true that when the same quantity is subtracted from

both sides of an equation, or both sides are multiplied by the same

quantity, or divided by the same quantity (with the exception of

zero), the resulting equation is equivalent to the initial equation.

As an example consider the equation

3x = 12

and the equation which is obtained by multiplying both sides by 2

6x = 24.

The solution set of each equation is {4 }; the equations are equiva-
lent.

If two or more operations are combined in succession, the fi-

nal equation is still equivalent to the first. If 6 is added to
each side of the equation

to give

6x = 24

6x + 6 = 30

the solution set of the final equation is {4 }, the same as for the
original equation.

3x = 12.

The operations of addition, subtraction, multiplication and

division are used to derive equivalent equations in the process of

2t).;
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solving an equation. An equation is said to be solved when an

equation equivalent to the original equation is derived that has

a variable isolated on one side of the equation. Once an equation

is in this form, the choice of solution set is either obvious or

greatly simplified.

EXAMPLE:

Solve the equation

2x + 7 = 25.

SOLUTION:

Subtract 7 from each side to obtain an intermediate equiva-

lent equation with one less term than the original equation.

2x + 7 7 = 25 7

2x = 18

Divide each side by 2 to isolate x on the left side of the

equation.

2x 18
2 2

x = 9

The solution set of x = 9 is easily seen to be {9}.

Other examples of equations with a variable isolated on one

side are

x = 15

y = 16 +

and u = 2v - 5w.

The first two equations are examples of a numerical solution.

A numerical solution is an equation with a variable isolated on one

side and a number on the other side. The third equation is an exam-

ple of a literal solution. A literal solution has the variable

solved for isolated on one side and an expression that includes one

or more other variables on the other side.

2 o
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EXAMPLE:

Is the equation

x = 5

a solution to the equation

x + 9 = 14?

If so, is the solution numerical or literal?

Answers: Yes; because the solution set of each equation is

{5}. (The equation x = 5 is derived by subtracting 9 from

each side of the equation x + 9 = 14.)

The solution is numerical because only a number appears on

the right side of the equation.

EXAMPLE:

Is the equation

x = 16

a solution to the equation

T = 16?

ANSWER: No, because the solution set of the equation x = 16

is {16}, and the solution set of the equation T = .16 is {64}.

We will illustrate the role of numerical solutions and literal

solutions in solving equations by solving a Boyle's Law problem

using two different methods.

EXAMPLE:

Given that PV = k and that k = 5100 when P is measured in
g/cm2 and. V is measured in cm3 , what is the volume of the gas

when P = 1020 g/cm2?

SOLUTION:

Method 1: Substitute the numerical values of P and k into the

equation PV = k.

1020 V = 5100

214
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Divide both sides by 1020.

5100
1020

= 5 cm3

Method 2: Solve the equation PV = k literally for V by

dividing both sides by P.

PV k
P P

V =

Now substitute the numerical values of k and P.

5100
1020

= 5 cm
3

In Method 1 numet.3.zal values are substituted and a numerical

solution is found. In Method 2 a literal solution is first de-

rived and then numerical values are substituted to obtain a numeri-

cal solution. Each method gives a solution set of {5 cm3} and

either may be used to solve this type of problem.

24-3 A Less Obvious Example

We will not always have simple equations to solve. Many

times there will be more than one intermediate equivalent equation

between the original equation and the solution equation.

PROBLEM:

Solve the equation

100
x

20 = 90

for x.

SOLUTION 1:

We first remove the (-20) term from the left side.

100 20 + 20 = 90 + 20
x

100 110
x

208
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Next we multiply both sides by x.

100 x = 110x
x

100 = 110x

The solution is in sight now. All we have to do is divide both
sides by 110 to isolate x,

100 110x
110 110

and we are done.

SOLUTION 2:

Instead of removing the (-20) term first, we can get x out
of the denominator first. We do it by multiplying both sides
of the original equation by x.

100
20 = 90x

x( 100 20) = 90x

We next apply the distributive property to the left side to get,

100x 20x = 90x

100 - 20x = 90x

We can now collect the x's on the right by adding 20x to each side

100 - 20x + 20x = 90x + 20x-

100 = 110x

And finally,

as before.

In the cases of more complicated equations there will always
be a variety of ways to solve the equation. The most efficient
path to the solution will not always be obvious. But it doesn't
matter. The important thing is to begin. If you follow the
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simple rules of finding simpler equAvalent equations, you will

inevitably end up at the solution equation. This is another

situation in mathematics where there may be many possible ways

to get to an answer. It doesn't matter which path you choose,

because all paths lead to the same place, the solution equation.

210
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PROBLEM SET 24:

1. Use the fonowing information to solve the problems below.

Di = {O, 1, 2, ...}

D
2

= the set of all real numbers

12x= 6 2x 5

9 + 6 = 96 4x = 2

2x + 3 = 2x - 3 2.7 = 10 + 4

a. Select a true sentence.

b. Select a false sentence.

c. Select an open sentence.

d. Select an open sentence that has a solution set of (1) for Di

r 1,
and t2] for D2.

2'

e. Select an open sentence that has a solution set of (1) for D2.

f. Select two equations that are equivalent when D2 is the domain for

both.

Determine the solution set for Problems 2 through 11.

SHOW INTERMEDIATE EQUIVALENT EQUATIONS

Example: 9 + x = 14

Intermediate equivalent equation:

9 - 9 + x = 14 - 9 (subtract 9 from each side)

x = 5.

{5}

2. 9x = 18

3. 4 + x = 87

4. 4V = 12.7

5. 31 = N - 8

6. 64 = 4b

7. 37 - x = -42
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8. x - 10 = -78

P 48
9. - 104

10.

11.

97

V

+

.

12 =

4

12 - x

250 300

For Problems 12 through 21 show at least two intermediate equivalent

equations and a numerical solution.

Example: = 5

(multiply both sides
Intermediate equivalent equations: 11. x = 5 x

x by x)

14 = 5x

4 5x (divide both sides

T- 5 by 5)

4
x (numerical solution)

12. = 6
x

13. 3x + 4 = 10

422.
14. - .5

15. 36N - 9 = -81

16. + 6 = 0

17. 16(N + 2) = 32

18. -23.5 =
141

19. .3x + 2 = 14

20. 4x = x + 132

21. 19 =
3

- 4

Ignore uncertainty considerations in Problems 22 through 30.

22. Use the equation PV = P'V' and the information:

P = 800 mm Hg

V' = 22.4 liters

= 720 mm Hg

to find V.

2 I
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23. Use the equation PV = k and the information:

17-=-4.8 liters-

k = 14,400 when V is in liters and P is in mm Hg

to determine P.

24. Using PV = k, determine the constant k for a gas that occupies 25.3

liters at 315 mm Hg.

25. Use the relation PV = P'V' to find the new volume of gas V' when

P = 740 mm Hg

V = 450 ml

P' = 750 mm Hg.

26. A gas has a volume of 10 liters under a pressure of 775 mm Hg. What

will be the volume at 750 mm Hg?

27. A quantity of oxygen occupies 380 ml when measured under a pressure of

740 mm Hg. What would the volume of the same quantity of gas be at

760 mm Hg if the temperature were held constant?

28. Use Charles' Law, ii
V V'
r= , to determine V' when

V = 175 ml

T = 300° K

T' = 273° K.

29. Use Charles' Law,
V V'

= , to determine V' when
T

V = 51 liters

T = 16° C

T' = -1° C

Remember to convert degrees Celsius to degrees Kelvin.

30. 30 ml of hydrogen are measured at a temperature of 27° C. What would

the volume of the same gas be at 0° C if pressure were held constant?

9

220



SECTION 25:

25-1 The Combined Gas Law

Charles Law relates the volume of a gas to the temperature

of the gas at constant pressure. The law states that the volume

of a gas divided by the absolute temperature of the gas at con-

stant pressure is constant. Charles' Law may be written as an

equation:

or

V k
T

v V'
T TT

at constant P

V and-T are the-volume and absolute-temperature at one-set of con-

ditions, and V' and T' are the volume and absolute temperature at

another set of conditions.

Boyle's Law may be written asa similar equation.

PV = P'V' at constant T

P and P' are the pressures at two sets of conditions.

In this section we will combine Boyle's Law and Charles' Law

into one combined gas law, which may be expressed as an equation

relating the three variables volume, pressure and temperature.

The equation will relate P, V and T, which are the pressure, volume

and temperature of an initial state of a gas, to P', V' and T',

which are the final pressure, volume and temperature of the gas

after undergoing some change.

The derivation of the desired equation is simplified by cre -.

ating a hypothetical intermediate state. The intermediate state

is attained by keeping the temperature constant at T and changing

the pressure to P'. The volume of the intermediate state we will

call V i .
The gas is converted from the intermediate state to the

final state by holding the pressure constant at P' and changing

the temperature from T to T'.
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INITIAL

STATE

P,V,T Boyle's
Law:

Constant T

INTERMEDIATE

STATE

P', Vi, T

FINAL

STATE

P',V',T'
Charles'
Law:

Constant P'

We may apply Boyle's Law to the transformation from the ini-

tial state to the intermediate state because temperature is con-

stant. The equation we obtain is

PV = PIV..

This equation may be solved for Vi to give the equation

V. = PV--
P'

Pressure is constant in the transformation from the inter-

mediate state to the final state, so we may apply Charles' Law,

which gives us the equation
. .

Vi V'=
T T

T

V. may be eliminated by substituting its literal solution from the

Boyle's Law equation into the Charles' Law equation. The result is

PV
P' V'
T TI

Notice that the left-hand side is equivalent to

PV
2- T or

P'

222
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This allows the equation to be rewritten as

PV V'
P'T T'

Both sides of the equation may now be multiplied by P' to obtain

PV P'V'
T T'

This final equation is the combined gas law.

The gas law may be used to calculate the final conditions of

a gas which has undergone a change. The following problem is an

example.

EXAMPLE:

A gas initially at a pressure of 2 atm, a volume of 12 liters

and a temperature of 300° K is heated to 400° K and its pres-

sure decreased to 1 atm. What is the final volume of the gas?

SOLUTION:

The problem may be solved using either of the two methods dis-

cussed in the preceding section.

Method 1: For each of the variables whose numerical value is

known substitute a number.

PV P'V'
T T'

2(12) 1V'
300 400

Multiply both sides by 400 to isolate V'.

V' = 2(12)(400)
300

9600
300

= 32 liters

2 223



Method 2: Solve the gas law equation literally for V'.

PV T'
(17r) T'7I7 T' (Fr)

PVT'
V'

TP'

Substitute numerical values for the variables on the left

side of the equation to obtain a numerical solution for V'.

2(12)(400)
300(1)

32 liters = V'

It is often possibld to check whether your result is rea-

sonable by considering the qualitative aspects of the gas laws.

In the preceding example the temperature increase caused the volume

to increase according to Charles' Law. According to Boyle's Law

the decrease in pressure also caused a volume increase. This quali-

tative prediction of an overall volume increase is consistent with

our calculated final volume of 32 liters.

2
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PROBLEM SET 25:

For Problems 1 through 10, solve the equation.

1. 60 V
273

2. 760 42 720 38
280 T'

3. 2(380 N) = 190

4. r . 121 33 = 517

5. 594 780 = lit 594

6. 1287 3m = 9873

7. 43(10 z) = 473

8. 6(3 2A) 10
9. 113

+ 12 = -1005

10. 3x + 1 = 13

11. a. Use the relation PV = P'V
i

to determine V
i

when

P = 300 mm Hg

V = 6 liters

P' = 360 mm Hg.

Temperature is constant at 250° K.

b. Use the relation Vi to determine V' when
T T'

V
i

= The answer to part a

T = 250° K

T' = 300° K.
V

V

Ti 1
12. a. Use the relation

T todetermineV.when

V = 6 liters

T = 250° K

T' = 300° K.

Pressure is constant at 300 mm Hg.
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b. Use the relation PV
i
= P'V' to determine V' when

V
i
= the answer to part a

P = 300 mm Hg

P' = 360 mm Hg.

V PP'V'
13. Using i- PT' ,t determine the value of T' if

P = 300 mm Hg

V = 9.1 liters

V' = 5.1 liters

P' = 330 mm Hg

T = 273° K (0° C).

l4. Initially a gas has

P = 360 mm Hg

V = 400 cm
3

T = 300° K.

Then the conditions are changed so that

P' = 2P and T' = 3T.

Use the combined gas law to determine the new vo17. ::i:a of the gas, V'.

15. Initially a quantity of gas had

P = 6 kg/cm2

V = 20 liters

T = 350° K.

Later the same quantity of gas had the following properties.

P' = 24 kg/cm2

V'= 40 liters

What is T'?

2
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16. For a given quantity of helium,

P = P'

V = 4 liters

T = 300° K

T' = 25° K.

What is the final volume?

17. A quantity of xenon gas was subjected to a change of temperature and

pressure. In its final state, the gas had a temperature of -56° C, a

pressure of 4 atmospheres and a volume of 0.7 liters. The initial tempera-

ture and pressure were 6° C and 1 atmosphere. What was the initial volume?

2 2 0
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SECTION 26:

26-1 Pressure, Depth, and Aqualungs

How many situations can you think of in which knowledge of

the gas laws is important for the support of life?

In the present section we will be concerned with the applica-

tion of the gas laws to one such situation--underwater diving. If

the techniques used to solve the respiration problems of divers

are mastered, you will be able to use the gas laws to solve life-

support problems in other biomedical applications.

A diver is dependent for his air upon an aqualung. Aqualung

air-tank capacities are in the neighborhood of 12 to 15 liters.

They are strapped to the diver's back. Tubes connect the tanks to
his mouth. When the diver inhales, a valve held in his mouth permits

passage of air through the tubes. He expels air from his lungs into
the water. This device is called an open-circuit breathing apparatus.

Pressure gauges commonly used by divers show the difference be-

tween pressure within the tank and atmospheric pressure. For instance,

when pressure within the tank equals atmospheric pressure, the guage
reads 0 lb/sq in. The pressure shown by a guage is called guage
pressure. Consequently, true pressure, or absolute pressure, is the
sum of guage pressure and atmospheric pressure. In all of the exam-
ples and problems that follow, the pressures given are absolute

pressures, even though one would be reading guage pressures in a

real situation.

Atmospheric pressure is the effect of the weight of the air
above. As a person goes to a higher elevation the weight of the

air above becomes less, and consequently the pressure of the atmos-
phere decreases. This idea is illustrated in the following diagram.
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Weight of air above this square is

less than weight of air above

lower square.

Total force exerted on this square

is equal to weight of atmosphere plus

weight of water above it.

,
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26-2 The Calculation of Pressure Due to Water

We will start out by finding the volume of water above whatever

we're interested in. The mass of this water is directly related

to its volume by its density, a constant. The pressure on our object

is the mass of the water above divided by the horizontal cross

section area of the object.

EXAMPLE:

Find the pressure due to water above region R.

SOLUTION:

First we find the volume of water above region R. The volume of

the water is the (length) x (width) x (height).

V = .e.wh

= (1) (1) (2)

= 2 cubic meters

Since each cubic meter of water has a mass of 1000 kg, the mass of

the water above R is (2)(1000 kg) or 2000 kg.

This mass is resting on an area of 1 square meter.

The pressure due to water is the mass of water resting on R (2000

kg) divided by the ar, a of R (1 square meter). The pressure is 2000
kg per m2

.

2',
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Notice that to find the mass of water we multiplied the volume

of water above R by the density of water, a constant. This technique

will not work to find the pressure due to air. We cannot find the

mass of a column of air by multiplying its volume by a constant

density because the density of a column of air is not constant.

26-3 'Pressure and Depth Under Water

It is the difference in the density behavior of air and water

that accounts for the graph below. Pressure is a linear function of

depth under water and a nonlinear function of depth under air. Notice

that the scales for height and depth are different.

25

20

5

SEA LEVEL 0

-2

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

WATER P, ATM.

-10

The graph on the following page shows the same straight line

as before, except that the axes have been interchanged and the

depths are shown as positive numbers. The graph shows the pressure

as a function of depth under water.
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Note that the y-intercept of the graph is 1.0 atm. This is

because at the surface of the water (d = 0) the pressure equals

atmospheric pressure. The pressure on a diver is the pressure

due to the water plus atmospheric pressure.

Since pressure (P) is a linear function of depth (d), the re-

lationship may be written as an equation,

P = and + b.

The slope m is the change in pressure per unit change in depth, or

about 1-- atm/m. The y-intercept b we noted to be 1 atm. We may
10

rewrite the equation as

P = --d + 1 or P = 11- + 1.
lo lo

The relationship is an approximate one, so we will write it as

P =
10

+ 1.

This equation is useful in solving many types of problems pertain-

ing to divers.

EXAmpLE:

What is the pressure on a diver at a depth of 8 m?
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SOLUTION:

P =

=

10
+ 1

10 + 1

18
10

9
3 atm or 1.8 atm

EXAMPLE:

A diver at a depth of 10 meters is using air at a rat.: of 40

liters per minute. If the pressure in his 12-lite-: capacity

tank is 80 atmospheres, how long can he remain underwater?

SOLUTION:

The pressure on the diver at a depth of 10 m is calculated.

10
P r-

10
+ 1

= 1 + 1

= 2 atm

The volume occupied by the air in his tank at F = 2 atm is

found by using the equation

PV = P'V'

80(12) = 2V'

V, 80(12)
2

= 480 liters

Since the diver uses air at a rate of 40 liters/min, a vol-

ume of -480 liters will last

-480 = 12 min.
40
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26-4 About Actual Diving Conditions

Our goal in the problems that follow is to answer questions

similar to, "How long can a diver stay down for a

tank pressure, water temperature, and rate of air

made an attempt to find actual, realistic numbers

given tank size,

use?" We have

for each of these

variables. Therefore, the answers to the questions are realistic.

The tank capacity will figure in all of our problems. When

the tank is being filled up with air, the tank's capacity is the

final volume occupied by the compressed air. When the tank is

being emptied out under water, it will be the initial volume occupied

by the compressed air before it is released. Typical tank capacities

run in the neighborhood of 12 to 15 liters.

The rate of air use will also figure into our calculations. A

diver uses air at a rate that is largely independent of pressure.

The rate of air use in terms of liters per minute is mainly a function

of activity level. Vigorous activity will require more liters of

air per time unit than a restful state requires. A given activity

level will require about the same number of liters par minute whether

a person is out of the water or submerged 20 meters under the surface.

However, a given number of liters of air is much more dense at a depth

of 20 meters than it is on the surface. This denser air is noticeably

more difficult to move air into and out of the lungs. Typical air

use rates are in the range of 22 to 40 liters per minute.

To find the volume of air available for breathing, we add a step

in the solution that does not occur in actual diving situations. We

occasionally release all of the air in the tank into an imaginary

diving bell. We only do this to find the volume that the air

occupy at a particular pressure and depth. It is a step that

us find a mathematical solution, but rarely, if ever, occurs.

length of

imaginary

time we get by

diving bell

supposing that a diver is breathing

is the actual breathing time available

would

helps

The

from an

to the

diver. This is true even though the diver is breathing directly from

his tank.

There is one final detail to be taken care of before a truly

realistic answer to our target question can be gotten. It has to

2 - r.
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do with the conditions controlling the ability to suck air from a
tank. When the pressure in the tank is reduced to the pressure
of the surrounding water, very little more air may be removed from
the tank. You can perform a simple experiment to test the truth of
this statement.

Get a glass gallon bottle of some sort. Try to suck air out of it.
You won't get much. The surrounding air and the air in the milk
bottle are both at the same pressure, one atmosphere. When you try
to get air out of the milk bottle, you are attempting to lower the
pressure inside the bottle to less than one atmosphere. It is very
difficult.

A diver at a depth of 10 meters faces the same problem when his
tank pressure gets down to 2 atmospheres. The surrounding water is
also at a pressure of two atmospheres. Even though there is more air
in his tanks, he cannot get it out as long as he stays at a depth of
10 meters. However, he can get air out by going upward toward the
surface. As he does so, the pressure around him is reduced, the
pressure in the tank becomes more than the surrounding pressure and
he will find that a small amount of air will become available.

2
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PROBLEM SET 26:

1. An aqualung tank has a capacity of 12 liters. If such a tank is filled

until a pressure (11: 200 atm absolute is attained, how many liters of air at

1 atm were pumped in?

Initially: P = 1 atm

V = ?

Finally: P' = 200 atm

V' = 12 liters

Use Boyle's Law, PV = P'V'.

2. If 1500 liters of air at one atmosphere were pumped into a 12-liter

tank, what would the pressure be inside the tank?

3. The temperature of the air is 304 K (-88° F). 1200 liters of air at

one atmosphere are pumped into a 12-liter tank which is then submerged into water

at 285 K (-54° F).

the tank?

a. What is the initial volume of the air that eventually ends up inside

b. What is the initial temperature of the gas in degrees Kelvin?

c. What is the initial pressure of the air in atmospheres?

d. What is the final volume of the compressed air?

e. What is the final temperature of the air in degrees Kelvin?

P. Use the relationship

PV P'V'
T T'

to find P' or the final pressure of the air inside the tank.

4. The pressure under water is a linear function of the depth. The relation

is approximately

P =
10

+ 1

where P = pressure in atmospheres and d = depth in meters. Note that when

d = 0 m, P = 1 atm because the atmosphere exerts 1 atm of pressure.

237



a. Use the given formula to find the pressure eXerted on a diver

at 5 meters.

b. Find the pressure exerted on a diver at 25 meters,

5. The pressure valve on an aqualung reads 50 atm absolute. The capacity

of the tank is 12 liters. The depth of the diver is 30 meters. The diver is

using air at the rate of 30 liters/minute. Initially the air is inside the

tank and finally it is expelled into the water.

a. What is the initial pressure of the air?

b. What is the initial volume of the air?

c. Use the equation in Problem 4 to determine the pressure exerted

the expired air.

d. Use Boyle's Law, PV = P'V', to determine the total volume that the

air in the tank would occupy at a depth of 30 meters if it were allowed to

escape into a diving bell.

on

e. How long could the diver remain at this depth if all of the air

in the tank were available for breathing?

*f.

breathing?

6. The absolute pressure in an aqualung tank is 169 atm. The capacity

of the tank is 15 liters. The depth of the diver is 3 meters. The diver is

using air at the rate of 39 liters/minute. Initially the air is in the tank

and finally it is expelled into the water.

How many liters of air at this depth would be unavailable for

a. What equation related the pressure and volume of a quantity of

gas under two different sets of conditions with constant temperature?

b. What is the initial pressure of the air?

c. What is the initial volume of the air?

d. What is the pressure of the expired air? (use equation in Problem 4.)

e. What would be the volume of all of the air in the tank if it were

not confined to the tank but subjected only to the pressure of 3 meters of water

and one atmosphere of air?

2
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f. How long could the diver remain at this depth if all of the air

in the,tank were available for breathing?

'lg. How much air would be unavailable for breathing?

7. If all of the air in a 14-liter capacity air tank which had an internal

pressure of 200 atm were released into a diving bell at a depth of 90 meters,

what would the new volume of the air be?

8. How long could a diver remain at a depth of 20 meters if the pressure

in his 12-liter capacity tank was 150 atm and he was using air at the rate of

30 liters per minute? Assume that all of the air in the tank would be available
for breathing.

9. An aqualung tank is filled to its maximum pressure of 200 atm absolute

on the surface. The surface temperature is 33° C. The capacity of the tank

is 14 liters. The diver plans to spend most of his underwater time at a depth

of approximately 4 meters. The temperature of the water is 16° C. Consider

the air to be in its initial state when it is inside the tank on the surface.

a. What is the initial pressure of the air?

b. What is the initial temperature of the air in ° K?

c. What is the initial volume of the air?

d. What is the pressure at 4 meters depth?

e. What is the absolute temperature at 4 meters depth?

f. Use the relation

PV P'V'
T T'

to find the volume that the air in the tank would occupy if it were all released

into a diving bell at 4 meters depth.

g. If the diver is consuming air at the rate of 34 liters per minute,

how long might he expect to be able to breathe from the tank?

10. A 15-liter capacity tank is filled to its maximum pressure of 200 atm

at a temperature of 300° K on thesaurface. How long could a diver remain at

a depth of 5 meters if the water temperature was 282° K and he was using air at

the rate of 23-1 liters per minute?
2
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11. A number of oxygen tanks are kept in the storeroom of a hospital, located

next door to the boiler room in the basement. One afternoon Elmo, the orderly,

was sent to get a tank of oxygen for a patient on the fourth floor. The tempera-

ture in the storeroom was 35° C. As he picked up the tank, Elmo noticed that

the guage read 203 atm. When he wheeled it into the patient's room, he saw that

the pressure had dropped and warned the doctor that the tank must be leaking

and might be dangerous. The doctor commended Elmo for being safety conscious,

but explained that the reason for the drop in pressure was that the temperature

in the patient's room was only 24° C. Elmo wasn't sure he understood this, but

you know how to calculate the new pressure.

a What was the initial pressure in the tank?

b. What was the initial temperature of the tank in degrees Kelvin?

c. What was the final temperature of the tank in degrees Kelvin?

'd. The combined gas law states
PV P

= fV'r . Is V = V' in this situation?

e. How can the combined gas laws be simplified for this situation?

f. Using the simplified form of the combined gas law obtained in Part e and

the numerical values obtained in Parts a, b, and c, write an equation which can

be solved for P'.

g. What is P'?

12. Suppose, in Problem 11, that the oxygen tank were stored in the unheated ware-

house adjacent to the hospital, where the temperature was -12° C. If the guage

had indicated 203 atm in the warehouse, what pressure would it indicate on the

fourth floor of the hospital where the temperature was 24° C. Remember that the

volume remains the same.

13. A patient receives oxygen from a 9-liter tank with 200 atm initial pressure.

The oxygen is expended at the rate of 10 liters per minute, measured at 1 atm

pressure.

a. Assuming all the gas in the tank is available for breathing, what is the

final volume of the gas at 1 atm pressure?

b. How long will it be before all the oxygen is expended?

9'7.)LIU
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11. A number of oxygen tanks are kept in the storeroom of a hospital, located

next door to the boiler room in the basement. One afternoon Elmo, the orderly,

was sent to get a tank of oxygen for a patient on the fourth floor. The tempera-

ture in the storeroom was 35° C. As he picked up the tank, Elmo noticed that

the guage read 203 atm. When he wheeled it into the patient's room, he saw that

the pressure had dropped and warned the doctor that the tank must be leaking

and might be dangerous. The doctor commended Elmo for being safety conscious,

but explained that the reason for the drop in pressure was that the temperature

in the patient's room was only 24° C. Elmo wasn't sure he understood this, but

you know how to calculate the new pressure.

a What was the initial pressure in the tank?

b. What was the initial temperature of the tank in degrees Kelvin?

c. What was the final temperature of the tank in degrees Kelvin?

d. The combined gas law states
PV

=
V

T'
Is V = V' in this situation?

e. How can the combined gas laws be simplified for this situation?

f. Using the simplified form of the combined gas law obtained in Part e and

the numerical values obtained in Parts a, b, and c, write an equation which can

be solved for P'.

g. What is P'?

12. Suppose, in Problem 11, that the oxygen tank were stored in the unheated ware-

house adjacent to the hospital, where the temperature was -12° C. If the guage

had indicated 203 atm in the warehouse, what pressure would it indicate on the

fourth floor of the hospital where the temperature was 24° C. Remember that the

volume remains the same.

13. A patient receives oxygen from a 9-liter tank with 200 atm initial pressure.

The oxygen is expended at the rate of 10 liters per minute, measured at 1 atm

pressure.

a. Assuming all the gas in the tank is available for breathing, what is the

final volume of the gas at 1 atm pressure?

b. How long will it be before all the oxygen is expended?
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FROM DECIMAL FORM TO SCIENTIFIC NOTATION

EXAMPLE:

Write 64,000,003 in scientific notation.

SOLUTION:

First we write 6.4.

Second, we observe that 6.4 is smaller than our original
number 64,000,000; therefore we must multiply it by a positive
power of ten to compensate.

Third, we count the number of places that we moved the decimal
point

6000,0
7 places

This means that we must multiply 6.4 by ten raised to the +7
power.

Finally, we have

6.4 x 10 7
= 64,000,000

EXAMPLE:

Write .00031 in scientific notation.

SOLUTION:

First we write 3.1.

Second, we observe that 3.1 is bigger than our original
number, .00031; therefore, we must multiply 3.1 by a negative
power of ten to compensate.

Third, we count the number of places that we moved the decimal
point.

...(122311

4 places

This means that we must multiply 3.1 by ten raised to the -4
power.

Finally we have

246

3.1 x 10-4 = .00031
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FROM SCIENTIFIC NOTATION TO DECIMAL FORM

EXAMPLE:

Write 9.87 x 10 4
in decimal form.

SOLUTION:

First, we interpret the meaning of 10 4
. It means that we

must move the decimal point 4 places to the right. It is the sign

of the exponent which tells us the direction to move the decimal

point. Positive means right. Negative means left. This is the

same arrangement found in number lines.

E10/

4 places right

Finally,

9.87 x 104 = 98,700

EXAMPLE:

Write 5.4 x 10 -7 in decimal form.

SOLUTION:

The exponent of ten tells us to move the decimal point to

the left (negative sign) seven places.

Finally,

.00000054

7 places left

.00000054 = 5.4 x 10-7

27-2 A Law of Exponents

What is the product of 10 2
10 3

? Is it 10 6 or 10 5
? Let us

find out by writing 102 as 100 and 10 3 as 1000, and carrying out

the multiplication.

10
2

10
3 = 100 1000

= 100,000

= 10 5

The multiplication above illustrates a law of exponents:

a
x ay = ax + Y

247

238



This law of exponents is useful for solving problems such
as the following example.

EXAMPLE:

Transform 96.9 x 109
into the form .969 x 10n.

SOLUTION:

Our problem is to determine n. Observe that 96.9 can be
expressed as .969 x 10 2 since .969 x 10

2
= .969 x 100 = 96.9.

Thus
96.9 x 109 = (.969 x 102) x 109.

By applying the associative law of multiplication and re-

grouping the terms on the right, we have

96.9 x 109
= .969 x (10 2

x 10
9,

According to the exponent law

10
2

x 10 9 = 10
11

.

Therefore
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96.9 x 10 9 = .969 x 10 11
.
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PROBLEM SET 27:

Determine n in the following equations:

1. 587 = 5.87 x lOn

2. 6835 = 68.35 x 10n

3. 3.7 = 3.7 x 10n

4. .075 = 7.5 x 10n

5. .075 = .75 x 10n

6. .075 = 75 x 10n

7. .075 = .0075 x 10n

8. 5.87 x lon = .0587

9. 5.87 x lon = 58,700

10. .0587 x lon = 58.7

Write the following numbers in scientific notation leaving only one digit

to the left of the decimal point.

11. 9648 17. .0576

12. 43 18. .000018

13. 5.867 19. -357.2

14. 1000 20. -.00909

15. 60.708 21.
1

5

16. .002

Convert the following numbers into decimal notation.

22. 6.8 x 103

23. 7.6006 x 100

24. 5.76 x 10-2

25. -3.001 x 104

26. -4.7 x 10-1

27. 77.1 x 10-5

28. 9.8 x 101
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29. A "googol" is defined as 1 followed by 100 zeros.

a. Write out a googol in conventional notation on if you want to.

b. Write a googol in scientific notation.

30. The sun is about 93 million miles from the earth. Write this distance

in scientific notation.

31. A "micron" is defined as 1 millionth of a meter. Express a micron

in scientific notation.

32. Use scientific notation to express these units in terms of the metric

system. Use references to find the meanings of these units.

a. light year

b. parsec

c. barn

d. nanosecond

2 4 1
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SECTION 28:

28-1 Multiplication in Scientific Notation

One of the virtues of scientific notation is that it facilitates
multiplication and division of very large and very small numbers.

Indeed, if multiplication and division were not easier when numbers
are expressed in scientific notation, the use of the notation would
be extremely limited.

Consider the multiplication

30,000,000,000 x 400,000 = 12,000,000,000,000,000.

The operation is easy, but counting the zeros offers an opportunity
for error and writing the zeros is time consuming.

In scientific notation, the same multiplication is written

(3 x 1010) x (4 x 105).

Recall the associative property of multiplication.

(ab)c = a(bc)

The associative property enables us to write

(3 x 1010) x (4 x 105) = 3 x (1010 x 4) x 105.

Recall also the commutative property of multiplication.

ab = ba

The commutative property permits us to write

3 x (10 10 x 4) x 10 5 = 3 x (4 x 10 10
) x 10 5

.

Again applying the associative property, we write

3 x (4 x 10 10
) x 10 5 = (3 x 4) x (1010 x 10 5

)

In Section 27 we found that

Therefore

= 12 x (1010 x 105 )

lop x log = loP g.

12 x (10 10 x 10 5
) = 12 x 1015 .

We have found then that

(3 x 10
10

) x (4 x 10 5
) = 12 x 10 15 .
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PROBLEM SET 27:

Determine n in the following equations:

1. 587 = 5.87 x 10n

2. 6835 = 68.35x1011

3. 3-7 = 3.7 x

4. .075 = 7.5 x 10n

5. .075 = .75 x 10n

6. .075 = 75 x lon

7. .075 = .0075 x 10n

8. 5.87 x 1011 = .0587

9. 5.87 x 1011 = 58,700

10. .0587 x 1011 = 58.7

Write the following numbers in scientific notation leaving only one digit

to the left of the decimal point.

11. 9648 17. .0576

12. 43 18. .000018

13. 5.867 19. -357.2

14. 1000 20. -.00909

15. 60.708 21.
1

5

16. .002

Convert the following numbers into decimql notation.

22. 6.8 x 103

23. 7.6006 x 100

24. 5.76 x 10-2

25. -3.001 x 104

26. -4.7 x 10-1

27. 77.1 x 10-5

28. 9.8 x 101
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Our result may be stated as a general formula by writing

(a x 10P) x (b x 10q) = ab x 10P +

EXAMPLE:

Within a container are 2 x 10 21 molecules, each of which

collides with the walls of the container an average of 4 x

10
4 times per second. Determine the total number of colli-

sions between molecules and walls in one second. (This

problem was originally posed in Section 27.)

SOLUTION:

Total number = (2 x 10
21

) x (4 x 10
4

)

= (2 x 4) x (10
21

x 10
4

)

= 8 x 10 25 collisions/sec

Many multiplications are of a type in which one or

the exponents are negative numbers; for example,

(3 x 1010 ) x (4 x 10-5 ) = 12 x (10 10 x 10-5 )

The exponent laws'are equally valid for positive and negative ex-

ponents.
ap x aq = ap + q

is true whether p and q are positive or negative. Therefore

10
10

x 10-5 = 10
10+ (-5)

= 10
5

and

(3 x 1010 ) x (4 x 10
-5

) = 12 x 10 5
.

EXAMPLE:

If one milliliter of air has a mass of 1.3 x 10-3 grams,

what is the mass of 2.24 x 10 4 milliliters of air?

SOLUTION:

(1.3 x 10 -3 ) x (2.24 x 10 4
) = (1.3 x 2.24) x (10-3 x 10 4

)

= 2.912 x 10 1

= 29.12 grams

24 -;
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282 Division in Scientific Notation

We now turn our at?-:ntion to the division of one number ex-

pressed in scientific notation by another number expressed in

scientific notation.

An example is the division of 8 x 10 2 by 2 x 10
4

. We rear-

range the expression slightly.

8 x 10 2 8 x 10 2
, 1

2 x 104 2 104

Recall the exponent law for division we used in Section 31.

= X-13'

10-4 .

8
= x 10 2 x 10-4

= 4 x 102 x 10-4.

xp

We apply the law here to write

1

104

Therefore,
8 x 102
2 x 104

We recall the exponent law of multiplication and write

8 x 2 A = 4 x 10-2
2 x 10'

The result of the problem above may be generalized by writing

a x 10P a
x 10p q.

b x 10q b

EXAMPLE:

What is the slope of a graph in which

and x
2

- x
1
= 4 x 10 2

?

SOLUTION:

Slope is defined as Y2 y1
x2 - xl

2 4 ;

Y2
y1

6
x 10

4
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Our result may be stated as a general formula by writing

(a x 10P) x (b x 10q) = ab x 10P q

EXAMPLE:

Within a container are 2 x 10 21 molecules, each of which

collides with the walls of the container an average of 4 x

10
4
times per second. Determine the total number of colli-

sions between molecules and walls in one second. (This

problem was originally posed in Section 27.)

SOLUTION:

Total number = (2 x 10
21

) x (4 x 10
4

)

= (2 x 4) x (10
21

x 10
4

)

= 8 x 10 25
collisions/sec

Many multiplications are of a type in which one or 4;E

the exponents are negative numbers; for example,

(3 x 1010 ) x (4 x 10-5 ) = 12 x (1010 x 10-5 )

The exponent laws'are equally valid for positive and negative ex-

ponents.
aP x aq = aP÷c1

is true whether p and q are positive or negative. Therefore

10
10

x 10
-5

= 10
10+ (-5)

= 10
5

and

(3 x 1010 ) x (4 x 10
-5

) = 12 x 10 5
.

EXAMPLE:

If one milliliter of air has a mass of 1.3 x 10 -3 grams,

what is the mass of 2.24 x 10 4
milliliters of air?

SOLUTION:

(1.3 x 10 -3 ) x (2.24 x 10 4
) = (1.3 x 2.24) x (10 -3 x 10 4

)

= 2.912 x 10 1

= 29.12 grams

24 -;
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PROBLEM SET 28:

The answers to all problems in this set are to be stated in scientific notation.

Perform the indicated operations.

1. 10
2

10
3

2. 10
4

10
-1

3.
105

10
2

4.
10 5

108 x 102

5. 10-7 10
-3

6.
100 105

10
3

2 3
7. x x

8. x
4

x-1

x5

x
9.

10.
x
2

x5

For Problems 11-20, perform the indicated operations, leaving one digit to the

left of the decimal point in your answer.

11. (2 x 102)(3 x 103)

12. (1.5 x 101)(1.5 x 103)

13. (3 x 10-2)(6 x 10-4)

14. (.05 x 10-1)(.1 x 10°)

15. (1.07 x 1017)(10.1 x 10-3)

16. (2.20 x 106)(10.3 x 10-3)(10 x 107 )

17.
6 x 105

18.

3 x 10
2

(3.05 x 108)

1 x 10
12

19. (1.32 x 10_18) (2.2 x 10 -7)

8.32 x 10
-4

20.

4 x 10-9
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Perform the indicated operations.

5 x 6 x 8
21.

3 x 4

22.
(3 x 103)(5 x lo5)

10 x 10
2

23.
(2.5 x 10-3)(3.5 x 102)

(5 x 10-8)

24.
(3.5 x 10-7)(2.07 x 103)

(7.0 x 103)(8.28.x 104)

25. A googol is 1 followed by 100 zeros.

a. Write a googol in. scientific notation.

b. Multiply a googol by a googol and express the answer in

scientific notation.
PV PT'

26. Given the gas law -- and that
T

V

P = 1 x 10
2

atmospheres

V = 2.5 x 10
-2

liters

P' = 5 x 102 atmospheres

T = 2.60 x 10
2
degrees Kelvin

T' = 2.80 x 102 degrees Kelvin,

express V' in scientific notation.

*27. Light travels at 3 x 10° meters per second. Express the distance that

light will travel in one year in scientific notation. (Assume 1 year

equals 365 days.)

Note: This distance is called a "light-year." The star closest to the

sun, called Proxima Centauri, is "only" 4.3 light years away!

*28. The farthest object in the heavens visible to the naked eye is the
Andromeda galaxy (M-31). It is about 2 x 106

light years away. How
many meters away is the Andromeda Galaxy?

*29. As of May, 1975 the farthest object detectable by instruments was a

quasar labeled OJ-471. Astronomers estimate that it is about 3 x 10
9

(3 billion) light years away.

a. How many meters away is OJ-471?

b. Geologists estimate that the earth is about 5 x 10
9

(5 billion)

years old. How old was the earth when the light we now receive from

0J-471 left OJ-471?
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SECTION 29:

29-1 Decimal Powers of Ten

Long before the math course deals with the properties of

exponents in detail, you will encounter powers of ten which are

not whole numbers. You will see them in connection with pH, a

measure of acidity, in science. Consequently we will deal with

the problem briefly now. We will postpone a more detailed invest-

igation of the world of exponents until later.

One way to get started is to pose the following question for

discussion.

QUESTION:

What is the natural meaning for 10 .1
?

ANSWER:

Since 10'
1

is an exponential expression, we expect it to follow

the general exponential property.

(10x)(10Y) = 10"Y

When we multiply 10'1 by itself 10 times,
ten .1's

1

(10'1)(10.1)(10.1) ... (10
.1

) = 10 .1+.1+.1+ ... +.1

V'
10 factors

Or, in other words

(10
.1

)

10 = 10 (.1).(10)

10
1

This says that 10'1 raised to the tenth power is 10. This

is one way of saying that 10'1 is the tenth root of 10. We have

arrived at the natural meaning for 10'1. Now we are ready for

the numerical value of 10'1.

10
.1

= 1.2589
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Since this number is difficult to square, cube and so forth,

we will often sacrifice a little precision by using the approximation

10
.1

=

= 1.25

We can use our numerical value of 10' 1
to assemble a table of

values for powers of ten in steps of .1. For example,

10
.2

= (10' 1
)(10 .1

)

Or less exactly,

= (1.2589)(1.2589)

= 1.5848

510
.2

= (15 ) (70

= 25
16

= 1.5625

In turn, we can use our numerical value of 10 .2
to find a

numerical value for 10 .3
.

Or, less exactly

10
.3

= (10
.2
)(10

.1
)

= (1.5848)(1.2589)

= 1.9951

10
.3

= 2

In a similar fashion we can build up a table for the powers
of ten in steps of .1.

10
.1

= 1.25 10
.6

= 4.0

10'2 = 1.6 10
.7

= 5.0

10 = 2.0 10
.8

= 6.3

10'4 = 2.5 10
.9

= 7.9

10
.5

= 3.2 10
.10

= 10

2,1!)
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It is easy to see that each succeeding power of ten is

approximately
4

times the preceding one.

EXAMPLE:

Show numerically that 10 .8
= (10

.

)(10
.1

)

Use the approximation 10' 1 = T

SOLUTION:

First we recognize that the problem asks us to multiply 10.7

5
by T and then check to see if this result agrees with the table.

We find the numerical value of 10 .7 in the table

10
.7

= 5

5
(10

.7
) (10

.1
) = (5)(.20

r-= 6.25

We see that 6.25 is in close agreement to the value of 6.3

for 10 .8
which is in the table.

EXAMPLE:

10'
4

Find a numerical value for
10'

SOLUTION:

We use the exponential property which says

10y 10-xY
10x

to write

10
.4

= ( 4 - .2)
, 10

10'4

= 10
.2

Next we go to the table to find

10'2 = 1.6
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Therefore

10
.4

- 1.6
10'

29-2 Expressing Decimal Exponents as Numbers in Scientific Notation

PROBLEM:

Express 10 4.7
in scientific notation.

SOLUTION:

Our first task here is to recognize that the exponent 4.7

is the sum of a whole number and a decimal.

Therefore

4.7 = 4 + .7

10-7 = 10(4+.7)

Next we use the property of exponents to rewrite the right side as
a product of two powers of ten.

(4+.7)
10 = (10 4

) (10
.7

)

Finally we refer to the list of equations in Section 29-1 to find

that 10 .7
= 5. Therefore

10
4 7

= 5 x 10 4

PROBLEM:

Express 10-3.2 in scientific notation.

SOLUTION:

The key to this problem is expressing the exponent as the sum
of a negative integer and a positive decimal. We need a positiveintege
because our table of values for 10x uses positive tenths as exponents.

-3.2 = -4 + .8

Therefore
(10-3'2 = 10 -4 + .8)

From this point we follow the pattern of the previous problem.

10
(-4 + .8)

= (10
-4

)(10 .8
)

;.)
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Therefore
4

10'
- 1.6

10'

29-2 Expressing Decimal Exponents as Numbers in Scientific Notation

PROBLEM:

Express 10 4.7 in scientific notation.

SOLUTION:

Our first task here is to recognize that the exponent 4.7

is the sum of a whole number and a decimal.

Therefore

4.7 = 4 + .7

104'7 = 10(4+'7)

Next we use the property of exponents to rewrite the right side as
a product of two powers of ten.

(4+.7)
10 = (10 4

)(10
.7

)

Finally we refer to the list of equations in Section 29-1 to find

that 10'7 = 5. Therefore

104'7 = 5 x 104

PROBLEM:

Express 10 -3.2 in scientific notation.

SOLUTION:

The key to this problem is expressing the exponent as the sum

of a negative integer and a positive decimal. We need a positive integer

because our table of values for 10x uses positive tenths as exponents.

Therefore

-3.2 = -4 + .8

10
-3.2 = 10 (-4 + .8)

From this point we follow the pattern of the previous problem.

10
(-4 + .8)

= (10
-4

)(10
.8

)

,)-
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From the table we find that

Therefore,

10'
8

= 6.3

10
-3.2

= 6.3 x 10-4

PROBLEM SET 29:

1. .

)
1

(10
.

) = 10

How many factors?

2. 10'1 is the root of 10.

3. (10.2) (10.2) (10.
12

10

How many factors?

4. 10'2 is the root of ten.

5. (10.5)ix) = 101.0

= ?
6. 10

.5
is the root of ten.

7. Why will we sometimes use the approximation

10.1 =
5

4

instead of 10'1 = 1.2589?
Problems 8 through 40 refer to these approximate values for the
decimal powers of ten.

10° = 1 10
.6

= 4.0

. 1
10 = 1.25 10

.7
= 5.0

10'2 = 1.6 10'8 = 6.3

10'3 = 2.0 10'9 = 7.9

10'4 = 2.5 101'0= 10

10
.5

= 3.2

25
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8. Show numerically that

10'2 = (10'1)(10'1)

9. Show numerically that

10'4 = (10'3)(10'1)

10. Show numerically that

10'5 = (10'4)(10'1)

11. Show numerically that

10 .6
= (10'

5
)(10

.1
)

12. Show numerically that

101.0 , (10'9)(10'1)

Find numerical values for the quotients in Problems 13 through 20.
Use the property

13.

14.

15.

16.

17.
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10.6
8

'11

10Y y-x10

10
787 3

lox

18.

19.

20.

-
10 .

10
.9

10
786.7

107'8

10 .4

101.3

10
7.4

10
.7

10

10
4 8

--5-7
lo

10-3.8

6
-

10

ti

10-4.4



Express the following powers of ten in scientific notation.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

10
1.2

=

10
3.4

=

10
7.3

=

10
9.9

=

10
1.7

=

10
2.6

=

10
8.1

=

10101'5

10
24.8

=

10
15.4

=

?

?

?

?

?

?

?

= ?

?

?

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

10-1.5

10
-7.9

10-8'4

1021.7

10
-17.2

10-4'3

10
-7.6

24.8
10

10-'9 =

107'2

=

=

=

=

?

=

?

?

?

?

?

?

25,
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SECTION 30:

30-1 Review Problems

The problems in the following problem set provide extra
practice with the ideas in Sections 24 through 29. The following
table tells the ideas reviewed in each problem.

PROBLEM CONTENT REVIEW OF SECTIONS

1 scientific notation

scientific notation and2
combined gas law

3 simple equations

scientific notation and4
Boyle's Law

5 diver problems

scientific notation and6
simple equations

7 diver problem

8 decimal powers of ten

9 decimal powers of ten

PROBLEM SET 30:

24,

27

25,

24,

24 ,

and

26,

24

27,

26

27,

26

29

29

28

27,

28

28

28

1. State each of the following expressions in scientific notation.

2.

a.

b.

c.

Express

10
-3 x 10 2 x 10 4

10
0

x 10-5

10
-2

)

10+10

(5 x 10
3
)(2.50 x

0(5 x 10-7 ) (25 x 100)

T in scientific notation,
PV P'V'

the following data.

10
2
atm

ml

P

V

=

=

and
T'

1.60 x

8 x 10-1

T' = 2.70 x 10
2

°K

P' = 16 x 10
-1

atm

V' = 12 x 10
1

ml

using the combined gas law
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3. Solve the following equations.

a. 3s - 6 = 18

b. 2(t - 6) = t + 4

32
= .4C.

d. 15 - = 2h

4. A quantity of hydrogen occupies 2.82 x 10 2 ml at a pressure of
5 atm. The gas is compressed into a volume the size of the

3
original volume.

a. What is the new volume in scientific notation?

b. Assuming constant temperature, what is the new pressure?

5. A diver is working at a depth of 15 meters with a 12-liter

tank on his back containing air at 200 atm pressure.

a. What is the pressure on the inside of the tank?

b. What is the pressure on the outside of the tank? [Remember:
pressure in atm depth

10
n meters

+ 1]

c. What is the volume of air in the tank?

d. What volume would the air occupy if all of the air escaped

from the tank into a bell jar at this depth (use PV = P'V']?

e. If the diver used air at the rate of 30 liters a minute,

how long could he breathe, assuming he could use all the air in the
tank?

6. Find the solution sets to the following equations, and express
the answers in scientific notation.

a. y x 10 4
= 10 -7

L x 10-8
b. 10

3

10
4

(5 x 10 3
)(S)c. 10

2

.5 x 104
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7. A 6-liter tank is filled with air to a pressure of 100 atm.

It is then suspended by a cable at a depth of 490 meters.

a. What is the pressure on the outside of the tank? (pressure
depth in metersin atm - + 1)

10

b. If all the air in the tank should escape, what would be

the volume of air escaping? (use PV = P'V')

c. There is a leak in the tank and all the air escapes into
the water at an average rate of .1 liter/minute, as measured out-
side the tank. How long will it take for the air to escape?

8. a. (10
4.7

) (10
3.2

) = ?

b. 10'2 is the root of ten.

c. 10'5 raised to the power is ten.

d. (10
3.7

) (10
-5.1

) = ?

9. Express the following decimal powers of ten in scientific

notation.

a. 10
4.9 ?

b. 10
7.3

c. 10 -1.7 = ?

d. 10
-99.1

:-. ?

2J
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SECTION 31:

31-1 Alcohol Ingested on an Empty Stomach

In this unit you have studied several biomedical phenomena

which may be described by linear functions. The phenomenon we

will now examine is the concentration of alcohol in the blood,

which over part of its domain is a linear function of time.

The relation between alcohol concentration in the blood and

the time elapsed since its ingestion is shown in the following

graph.

CONCENTRATION
OF ALCOHOL IN

BLOOD

L PER CENT)

Co

t, TIME hourS

3

This graph represents the situation in which alcohol is taken on an
empty stomach. We will later contrast this situation to that in

which alcohol is taken on a full stomach.

The concentration of alcohol in the blood rises over a relatively

short period of time to a peak value. This period of time is known

as the distribution phase and is designated tm. The subscript m
is for "maximum."

After the alcohol concentration has reached its maximum value,

the relationship between concentration and time is approximately

linear. This period is called the post-absorptive phase. The

slope of the line in the post-absorptive phase is negative, meaning

that the concentration decreases by a constant amount each hour.
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As you have learned, the linear portion of the graph can be

described by an equation of the form y = mx + b. Researchers in
this area of investigation generally write the equation in the
form

c = at + c
o

.

c is the concentration of alcohol in the blood given as a per cent,
which is equivalent to giving the concentration as grams of alcohol
per 100 grams of blood. a is the slope of the line and t is the
elapsed time, in hours, since ingestion. co is the y-intercept

and is obtained by extending the line to intersect the y-axis.

c
o is what the initial concentration would be if the alcohol

diffused throughout the body immediately, and no time were re-
quired for distributuion. c

o is called the "initial" concentration,

although the actual alcohol concentration in the blood is never
that large. The "initial" concentration has been found to be di-
rectly proportional to the amount of alcohol ingested (A) and in-
versely proportional to the mass of the body (M). These relation-
ships are expressed by the equation

A
= rc

r is a constant of proportionality. When A is given in milliliters,
and M is given in kilograms, the numerical value of r has been em-

pirically determined to be 9.04 ± .71.

The time of the distribution phase, tm, has been found to be
1.43 ± .49 hours, and the slope 8 has been found to be -.01338 ±

g alcohol.00184 per hour. 8 varies little when the same indi-100 g blood
vidual is tested on different days, but does vary from individual
to individual.

The equations and the values of the constants were obtained
under certain specific conditions.

1. The subjects had fasted overnight.

2. The total amount of alcohol was ingested in a ten-minute
period.

3. The subjects who could tolerate it took the alcohol as

straight vodka, which is about 50% alcohol.
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These three conditions are not likely to be encountered in a

social drinking situation, but they are of value in establishing

basal values.

31-2 The Alcohol Content of a Beverage

Before the formula c = 6t + c
o may be used to find the blood

alcohol concentration for a particular time t, we must calculate

c
o

, the initial concentration. It is found from the formula

c= 1 A
o r M

where A is the number of ml of pure alcohol. Since a person will

rarely take pure alcohol it will often be necessary to determine

the amount of alcohol in a beverage which contains less than 100%

alcohol. Different beverages have different concentrations of

alcohol. The table below shows typical concentrations of alcohol

for different beverages.

Alcoholic Concentration in "percent"

Beverage
1 percent 1 ml alcohol

100 ml beverage

Beer 5%

Table Wine 12%

Port 19%

Whiskey 50%

For hard liquor such as whiskey the concentration is often stated

in terms of "proof." The proof of a liquor is simply twice its

percentage concentration. For example, 50 percent = 100 proof and

pure alcohol is 100% or 200 proof.

Notice that beverage alcohol concentrations are in terms of

ml alcohol per 100 ml beverage, while blood alcohol concentrations

are stated in terms of grams alcohol per 100 grams of blood. It

seems unnecessarily confusing doesn't it? We certainly think so.

However, this is the way it is and we must make the best of it.

The following example demonstrates how to use the volume of

a beverage and its concentration to find "A", the amount of pu,_e

alcohol.
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EXAMPLE:

How many ml of alcohol are contained in 1050 ml of wine
(12% alcohol)?

SOLUTION:

First, we interpret the 12%. It m,2ans that there are 12 ml
of alcohol in 100 ml of wine.

Second, we set up a dimensional algebra statement that converts
volume of beverage to volume of alcohol.

12 ml alcohol1(0 ra---beye-r-a9e_ (10.5) (12) ml alcoholTOOnri---beyer-age_

= 126 ml alcohol

We put "ml alcohol" on top because we want to end up with units of
ml alcohol. Notice also that we must distinguish between "ml alcohol"
and "ml beverage." If we didn't it would be easy to get confused.
Furthermore, ml alcohol and ml beverage are not identical.

31-3 A More Complicated Example

EXAMPLE:

Old Idiot Rum is 140 proof.

a. How many ml of alcohol are in 400 ml of the rum?

b. If enough cola drink is added 1.1-o the rum to make

1000 ml of solution, what is the percentage eilcohol concentration
of the solution?

SOLUTION:

a. First we interpret 140 proof. 140 is twice the percentage
concentration; therefore, Old Idiot is 70% alcohol.

By following the pattern of the first example we find the
volume of alcohol in 400 ml of the rum.

70 ml alcohol
40-0--Trt-1--r-um_ 280 ml alcohol

b. Enough cola is added to this 280 ml alcohol to make
1000 ml of solution. We are interested in the amount of alcohol
in 100 ml of the drink.

1.g.6 ml drink

272

280 ml alcohol
28 ml alcohol108' ml drink
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Since there are 28 ml alcohol in 100 ml of the drink, the concentra-
tion of alcohol is 28%.

31-4 Alcohol and the Law

Every state has legislation concerning drinking and driving.

There is a relationship between blood alcohol concentration and

the physiological impairment. The following chart shows the

relationship.

o SOBRIETY

g? IMPAMMENT

C / Cc
FACULTL!. IES

0
e g INTOXICATION

LtAtj. -1

W2
- Q STUPOR
(--) 1

0
pixy C°

DEATH

_r_>-

1E

TYPICAL LEGAL IMPLICATIOKS OF RANGES OF
BLOOD- ALCONOL CONCSNTRATION

mouromm Evlocat,E
OF Of

Sooitiar(5RiF.TY
PRESUMPTc0 OF /km/4°4w

.o% J% .Z% .5%

CONCENTRATION OF PA.c.04401. IN "N..001)

Different states have differences in the details of their

laws. However, if you are stopped by a policeman and found to

have a blood alcohol concentration greater .1 percent, you

will generally have to do some explaining to a judge. Your teacher

will be able to supply you with the details which apply to your state.

Another source of information on this matter is your local police

department. It would be wise to double check the information your

teacher gives you by giving city hall a call. Laws can change

more quickly than textbooks can be revised.

2h4)
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PROBLEM SET 31:

1. Old Bloodshot Whiskey is 120 proof. How many ml of pure alcohol
are in 500 ml of the whiskey?

2. Fannie Chartreuse Shingles wine is 15% alcohol. How many ml of
pure alcohol are in 600 ml of the wine?

3. A 6.2-liter solution is made up of 75% alcohol. How many liters
of alcohol are in the solution?

4. If 200 ml of alcohol are contained in a 1,800 ml solution, what

percentage of the solution is alcohol?

5. If 200 ml of coconut oil are contained in a 4-liter solution of
sun tan lotion, what percentage of the solution is coconut oil?

6. Raskolnikov's Vodka is 50% alcohol.

a. How many ml of alcohol are in 750 ml of the vodka?

b. If enough orange juice is added to make 1,000 ml of solution,
what percentage of the solution is alcohol?

7. A 2-liter batch of cake batter is 0.5% vanilla extract.

a. How many ml of vanilla extract are in the batter?

b. If the vanilla extract is 40% alcohol, how many ml of alcohol
are in the cake batter?

8. Dave drinks 200 ml of bourbon (45% alcohol) before he gets bored.
He then drinks 200 ml of vodka (50% alcohol).

a. How many ml of alcohol does Dave drink when he drinks the
bourbon?

b. How many ml of alcohol does Dave drink when he drinks the vodka?

c. What is the total number of ml of alcohol that Dave drinks?

d. What percentage of the 400 ml of bourbon and vodka is alcohol?
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Problems 9 through 18 refer to the above graph. Give true or

false answers for Problems 9 through 17.

9. At time t = 7 the % concentration of alcohol in the blood is

.05%.

10. The slope of the straight-line portion of the graph is positive.

11. The slope may be interpreted as how much the % concentration

of alcohol in the blood decreases per hour.

12. Between times t = 2 and t = 7, the rise is -.05 and the run is 5.

13. At time t = 0 the % concentration of alcohol in the blood is

01%

14. The slope of the entire graph is constant.

15. The curved portion of the graph from time t = 0 to t = 2

represents the phase when alcohol is diffusing from the stomach

into the rest of the body.

16. In the equation c = 3t + co, 6 is the slope of the straight-

line portion of the graph and can be thought of as the rate at

which the body eliminates alcohol from the bloodstream.
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17. In the equation c = at + co the quantity co may be thought of
as the alcohol concentration in the blood if all the alcohol
immediately diffused throughout the body.

18. a. The time it takes for the concentration to reach its highest

value is called "t
m ." Find tm from the graph.

b. Notice that the straight-line portion of the graph does

not reach the y-axis. If the straight-line portion were extended

until it struck the y-axis, the y-intercept of the line could be

determined. The y-intercept of the straight-line portion is called

the "initial concentration" and is denoted by co. Use a straight-

edge to determine co.

c. The rate of change in the % concentration of alcohol in

the blood is called "6"; it is the slope of the straight-line part

of the graph. Find it. Hint: Note that the x and y axes have dif-

ferent scales.

d. Substitute the values you found for Rand co into the equa-

tion c = 8t + c
o

.

You now have a equation which relates the concentration of

alcohol in the blood to elapsed time after ingestion.

e. Does the equation found in part d apply when t = 1 hour?

f. Does the equation apply for t = 14 hours?

g. By extending the straight-line part of the graph downward

to the x-axis (time axis), you can find how long it will take to

reach 0 concentration. Find that time.

h. Describe the domain of the linear function, or the values

of, t for which the linear function, c = 8t + c
o

, will give the

same blood-alcohol concentration as that shown in the graph.

i. What should happen to the line for values of t > 12 hours?

Why?

19. a. Using the same scales as in the illustrated graph, draw

your own graph using the following information.
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= -.01

tm = 2 hours

c
o

= .20%

b. How long does it take for the concentration to reach .10%?

c. Use the graph or the formula c = 8t + co to determine how
long it will take for the concentration to equal zero.

d. Try to find the concentration for t = 1 hour using the
equation c = 6t + co. Does your answer agree with the graph? If
not, why not.

20. a. Use the same scales as the illustrated graph to draw your
own graph using the following information.

a =-.015 (this is within the range -.01338 ± .00184)

tm = 1.6 hours (this is within the range 1.43 ± .49)

c
o

= .30%

b. How long does it take for the concentration to reach .10%?

c. How long does it take until c = 0?

21. a. Construct your own graph. Scale as in previous problems.
Use the following information.

= -.014 (this is within the range -.01338 ± .00184)

tm = 1 hour (this is within the range 1.43 ± .49 hr)

c
o
= .28%

b. How long does it take until c = 0?

c. What is the maximum blood alcohol concentration obtained?

26(5
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SECTION 32

32-1 An Unfortunate Incident at the Winery

Pierre de la Peinteur is a professional winery painter of

many years experience. One day he was applying a coat of pleasing

pink to the ceiling of the ancient Chateau Acide when he stepped

into a bucket of paint and fell off his scaffold.

Fortunately Pierre was working directly over an open vat of

the chateau's finest wine, Acide Ordinaire. Otherwise he might

have been killed. He plunged head first into the vat of wine.

Not knowing how to swim, Pierre, who was esteemed throughout

the countryside for his quick thinking, decided to avoid drowning

by allowing the wine to enter his stomach instead of his lungs.

Luckily, two strong vintage tramplers were nearby. They rapid-

ly came to Pierre's assistance and pulled him feet first from the

vat. By this time, however, Pierre had consumed 2.25 liters of

Acide Ordinaire, which is 12% alcohol by volume.

It became clear that poor Pierre was in no condition to

ply his trade. Nor would it be safe to allow Pierre to drive home,

since the local magistrate had a tendency to sentence to the guil-

lotine those caught driving with a blood-alcohol concentration of

over .10 per cent.

The proprietor of the chateau prudently prepared to protect

Pierre from such a painful potentiality. Being a man of great

generosity, he extracted 21 francs from Pierre's pocket to pay

for the wine he had drunk. In so doing, the proprietor placed

himself at considerable disadvantage, since this was the wholesale

price. He then dragged Pierre's 100-kilogram bulk to the bottle-

corking machine and shackled him to it until such time as it would

be legal for Pierre to start his vehicle.

We will analyze poor Pierre's condition in terms -f the con-

centration of alcohol in his blood. Specifically, we will answer

four questions, assuming the following values for the constants 5,

r and tm.
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a = -.015% per hour

r = 9

tm = 1.5 hours

1. What was Pierre's "initial" concentration (co)?

Pierre consumed 2.25 liters, or 2250 ml, of wine which was
12% alcohol. The amount of alcohol (A) he consumed was therefore
2250(.12) = 270 ml. The "initial" concentration is obtained by
the formula

A = rco.

We substitute A = 270 ml, M = 100 kg and r = 9 and write

270
100

= 9co

We divide both sides of the equation by 9 to obtain

270
100(9) - co

co = .3%

2. What was the maximum blood-alcohol level actually attained by
Pierre?

Recall that blood-alcohol concentration is related to elapsed
time after ingestion by the equation

c- at + co

Maximum concentration is attained at tm, the end of the distribu-

tion phase. Therefore,
c
max = at

m
+ c

o

We substitute a = -.015% per hour, tm = 1.5 hours and co = .3%.

The result is

cmax = ( -.015) (1.5) + .3

= -.0225 + .3

= .2775%



3. How much time elapsed before Pierre's blood-alcohol concentra-

tion reached .10%?

In this case the unknown is time. The known quantities are

c = .10%, a = -.015% per hour and co = .3%. We substitute these

quantities into the equation

to obtain

Solving for t,

the result is

c= at + co

.10 = (-.015)t + .3

.10 - .3 = (-.015)t

-.2 = (-.015)t

-.2
-.015

t = 133 hours.

4. After how many hours would Pierre's blood-alcohol concentration

be 0%?

We substitute the quantities

c = 0%

intc the equation

The result is

a = -.015% per hour

co = .3 %

c = at + co.

0 = -.015t + .3

-.3 = -.015t

-t - .3
-.015

= 20 hours.
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PROBLEM SET 32:

1. Upon passing an important exam, a jubilant medical student consumed

1.05 liters (about 1.1 qt) of vine in a short period of time on an empty

stomach. The vine was 12% alcohol by volume. The student's mass was 70 kg

(approximately 154 lb). Asaume the following values for the constants a, r

and t
m

.

= .015% per hour

r fx 9

t
m = 1.5 hours

a. How many ml of alcohol did the student imbibe?

b. Calculate c
o or the "initial" concentration.

c. What was the maximum blood-alcohol level actually attained?

d. How long would it be before the blood-alcohol concentration reached
the .15% level?

e. Hov long would it be before the blood-alcohol concentration reached
the .05% level?

2. Dave likes to drink a mixture of 40% pure alcohol and 60% rain water as

his breakfast.

a. If he drinks 226 ml of the mixture, how many ml of alcohol has he

drunk?

b. Dave's body mass is 50 kg (=110 lb). Dave ingested the amount of

alcohol found in part a. Determine co from the equation

A
= C

o

where A = amount of alcohol ingested in ml

M = body mass in kg

r = 9.04
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c. If it takes 90 minutes for the concentration of alcohol in Dave's

blood to reach its highest level, find that ...oncentration using the formula

c = Bt + c
o

. Assume 0 = -.013% per hour.

d. How long will it take from the time of ingestion for the concentration

of alcohol in Dave's blood to fall to .07%?

e. How long will it take for the concentration to fall to zero?

3. George's body mass is 75 kg (165 lbs). He drinks 1125 ml of wine

(12% alcohol) on an empty stomach. Use the following constants.

r = 9

B = .015% per hr

tm = 1.5 hr

a. What is George's co?

b. How long will it take for George's blood-alcohol concentration to

reach .05%?

c. How long will it be before all of the alcohol is gone from George's system?

4. Given that the formula for the per cent concentration of alcohol in the

blood is c = Bt + c
o
, write a formula that will give the time it takes for all

alcohol to have disappeared from the body.

5. Dave claims that, since he has twice as much mass as Jack, he can drink

twice as much as Jack and not be any drunker than Jack would be. Use the

following data.

r = 9.04 ± .71

t
m = 1.43 ± .49 hours

B = -.015% per hour

Dave's mass cr. 100 kg

Jack's mass = 50 kg

A for Dave = 195 ml

A for Jack = 97.5 ml
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a. Assume that Jack's value for r is the maximum.

r = 9.04 + .71

r = 9.75

Calculate c
o

from the equation

A
c
o r.M

b. Calculate c
o

for Dave in the same manner as you did for Jack. Assume

that r for Dave is the minimum.

r

r

r

=

=

9.04

8.33

25

3

- .71

c. Assume that t
m

for Jack is the maximum.

t
m

= 1.43 + .49 hours

t
m

= 1.92 hours

Calculate Jack's maximum blood-alcohol concentration from the equation

c =at + c .

m o

d. Assume that t
m

for Dave is the minimum.

t
m

= 1.43 - .49 hour

t
m = 94 hour

Calculate Dave's maximum blood-alcohol concentration from the equation

c = et
m

+ c
o

.

e. Was it true in this case that Dave could drink twice as much as Jack

and not have a higher blood-alcohol concentration?

f. State the conditions under which it would be true that Dave could

drink twice as much as Jack and have the same blood-alcohol concentration.

*6. Write a problem that involves your own body mass and a typical amount

of alcohol that you might drink when you become of legal age. Include answers.

Your body mass in kg = ( lb) x 0.45.
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SECTION 33:

33-1 Alcohol Ingested With a Meal

WhEn alcohol is taken on a full stomach, the relationship be-
tween blood-alcohol concentration and time is not the same as when
the subject has fasted. The graphs for three individuals who were
tested twice with full stomachs and twice with empty stomachs, given
the same quantity of alcohol, re shown below.

1

BLOOD t
ALCOHOL C%

.

S
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WilIPL74111111111111111111111li... MIIMMIIIINI
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I 1

MI I

.I
THE INFLUENCE OF A MEAL ON THE BLOOD- ALCOHOL CURVE

-4 ALCOHOL TAKEN ON AN EMPTY STOMACH

0-0 ALCOHOL TAKEN WIni A MEAL

Notice that the curve for alcohol taken with a meal is always

lower than the curve for alcohol taken on an empty stomach. At any

given time the concentration of alcohol in the blood is less if the

individual has food in*his stomach.

Observe also that the pattern of blood-alcohol concentration

is not consistent from individual to individual with food in the

stomach. The curve of A rises to a distinct peak, the curve of B

remains relatively level for two hours and the distribution phase

of C does not resemble the distribution phases of either A or B.
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The graphs further show that the time necessary for the blood-
alcohol concentration to reach its maximum value (tm) is longer
with food in the stomach than without, and that the "initial" con-
centration (c

o
) is lower with food in the stomach. The slope of

the line (6) during the post-absorptive phase is less consistent
than with an empty stomach.

It is easy to see how the presence of food in the stomach has
the effect of lowering the initial concentration (co) and slowing
the rate of elimination (13).

When there is food in the stomach, some of the alcohol is ab-.
sorbed by the food. This decreases the amount of alcohol that
initially passes through the wall of the stomach into the bloodstream.
Consequently, co is lowered since there is less alcohol initially
in the blood.

The absorbtion of alcohol by the food is also the reason why
the rate of elimination is slowed. As the food is digested the
absorbed alcohol is slowly released into the bloodstream. This
slow addition of alcohol to the blood tends to reduce the rate of
elimination of alcohol from the blood.

Recall that the initial concentration is obtained by the formula

A = rco.

We have just stated that the value of co when the subject has

eaten is less than it is when the subject has fasted, for a given

amount of alcohol ingested. Since the value of co is different,

for the same given values of A and M, the proportionality constant

r has a different value when the subject has eaten than when he has

not. We will use the approximate value

r = 14

for cases in which the subject has a full stomach.

We will also use different values for 13 and tm when the sub-

ject has food in his stomach. The approximate values are

tm = 2.5 hours

B = -.01% per hour.
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No ranges of imprecision are included, because individual varia-

tion is so great that the numbers are extremely approximate. The

numbers are given only to allow a comp stomach blood -

alcohol

of full-

alcohol concentrations to empty-stomach concentrations.

PROBLEM SET 33:

1. On a full stomach c
o is (higher, lower)

2. On a full stomach the rate of elimination is (faster, slower).

3. When alcohol is drunk on a full stomach, some of the alcohol

is absorbed by the food. Therefore, a smaller a.atount of alcohol

goes through the wall of the stomach. This has the immediate effect
of

4. When the food and the alcohol absorbed in it are digested, the

absorbed alcohol is slowly released i-nto the blood- This has the

effect of

5. Examine Graph A in the text. The empty stomach curve has a

(higher, lower) c
o
and the slope is (steeper, less steep) than

the full stomach curve.

6. a. Select the fastest rate of elimination.

= -.01% per hour

a = -.:)15% per hour

a = -.008% per hour

In this context the more negaive

the rate of elimination.

b.

slower)

8 is, the (faster,

7. Examine graph B in the text. The lowest blood-alcohol c!jncentra-

tion for the (full, curve is greaterempty) stomach r than the highest

concentration for the (full, empty) curve.

8.. Examine all three graphs in the text. Each graph represents

a. a different person tested twice on both a full stomach and

an empty stomach.

b. four different people, two on empty stomachs

stomachs.

2

and two on full
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c. two people, one on a full stomach and one on an ernpty

stomach with each persor being 'necked twice.

9. a. We can see frc .1-0: graphs

response is (roughly r .ucible,

is tested).

that a particular person's

varies greatly each time he

The pattern for full stomach blood-alcohol concentrations

;ughly the same, differs significantly) from person to Person.

10- (True or False) The reason that the full stomach curves

are lower is that the subjects were given less alcohol.

Use the following constants, as needed, for all of the problems
in this set. Assume that they apply to animals as well.

Empty Stomach Full Stomach

r = 9 r = 14

8

t
m

-.015%/hr

1.5 hr t
m

=

=

-.01%/hr

2.5 hr

11. Two hours after drinking 140 ml of bourbon (about 3 shots or
jiggers), Cindy is arrested for speeding. Cindy's body mass is
45 kg. The bourbon was 90 proof, or 45% alcohol.

a. Cindy lives in North Carolina, where there is presumPtive

evidence of intoxication when c > .10%. If she drank on an empty
stomach, will she be held for drunken driving as well? Show Your
calculations.

b. If she drank on a full stomach, will she be legally druilk?

Again, show your calculations. Remember that she was stopped 2
hours after drinking and t

m for a full stomach is 2.5 hours.

12. George drank 1890 ml of wine (12% alcohol) on a full stomach.
His body mass is 75 kg.

a. What was George's co?

b. How long did it take for George's blood-alcohol concentration
to reach the .15% level?

c. Determine t for c = .051%

d. Determine t for c = 0%
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e. Return to part a, without passing GO, and repeat all four

calculations (a, b, c and d) assuming that George's stomach was

empty when he drank.

13. Saturday night, Elmo and a friendly hippopotamus stopped by

the Dispensary of Dubious Delight and consumed a vast quantity of

Old Popskull (50% alcohol). The hippopotamus ate as he drank, be-

cause hippopotami feel insecure when their stomachs aren't full.

When their thirsts were quenched, Elmo decided as a kindly

gesture to drive his friend home to the zoo. This was mainly be-

cause the hippopotamas hau 1-2en complaining of a touch of bursitis

in his left front elbow.

As they approached Elmo's Locomobile , Elmo realized that he

had somehow lost his driver's license. After thinking over the

situation for 2.5 hours, Elmo made a decision. Being a law-

abiding citizen, he concluded that the best thing was to let his

Friend do the driving.

A half-mile down the road, they were stopped by the authorities.

Since the hippopotamus was the driver, he was subjected to a blood-

alcohol test. The poor ungainly beast exnerienced great difficulty

in attempting to blow up the balloon, so the troopers finally took

a blood sample from his left front elbow. (Curiously enough,

this seemed to relieve the bursitis a bit.)

A quick test established that the hippo's blood-alcohol concen-

tration was .2%, and he was arrested for drunken driving. The

authorities searched their statute book for a law on stupidity, but

they could find none, so they arrested Elmo for loitering.

Being just an average-sized creature of his kind, the hippopotamus

weighs in at 815 kg (about 1800 lb).

did he drink?

Just how much Old Popskull

14. Six hours after a full meal and much wine (12% alcohol), Pat,

whose body mass is 50 kg, discovers the concentration of alcohol

in her blood to be .06%. (Don't ask how she did this.) How much

wine did she drink?

2 7 ;
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15. Fred used to take great delight in feeding beer (4% alcohol)

to his pet hampster, Eloise. He thought it was great fun to watch

her silly antics when she was drunk. Unfortunately, one day Eloise

drank tc.o much beer and dropped dead. Assume that death occurs

when c reachs .5% and that Eloise was drinking on a full stomach.

Her body mass was 0.1 kg. What is the minimum amount of beer that

Eloise could have drunk?

*16. Ed drinks 1 liter of corn whiskey (70% alcohol) on a full stomach.

After 25 hours his blood alcohol concentration is .25%. What is
Ed's body mass?
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SECTION 34:

34-1 Review of Sections 1 through 33

The following table lists the alaterial covered by each problem.

PROBLEMS CONTENT REVIEW OF SECTIONS

length, area and ordered
1 3, 4, 10pairs

linear functions and2-4 12-17function notation

5

6

7

8

9

determination of the
equation of a line
from two points

pressure

pressure

solving equations

scientific notation

18

26

15, 16,

24

27, 28

26

10-11

12

13

14

15

combined gas law

diver problem

blood-alcohol con-
centration

decimal powers - ten

decimal powers .r ten

20,21,24,25,27,28

26

31-33

29

29
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PROBLEM SET 34:

1. Refer to the graph.

a. What are the coordinates of points A, B and E?

b. What are the lengths of AC and OB?

c. What is the area of triangle ABC?

Y

-41
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2. f(x) = 2x - 3.

a. What is f(0)?

b. Graph the function

c.

f(x) = 2x - 3 for x > -1 and x < 4.

What is the slope of the line?

d. What is the y-irtercept?

3. Refer to the graph in Problem #1.

a. What is the slope of CB?

b. What is the slope of AB?

c. What is the slope of AC?

d. What is the y-intercept of CB?

e. What is the y-intercept of AB?

f. What is the y-intercept of AC?

g- Write the equation of the function whose subset is CB.

h. Write the equation of the function whose subset is AB.

i. Write the equation of the function whose subset is AC.

4 A line passes through the following points: (0 ,1), (2, -5), (-1, 4).

a. Plot the points and draw a line through them.

b.. Write the equation of the line.

c. The line also passes through (g, 10). What is g?

5. A line passes through the points (4,6), (-1, -4).

a. Without drawing a graph, calculate the slope.

b. Calculate the y-intercept.

c. Write the equation of the line.

d. If (Q, 8) is on the line, what is Q?

6. f, man weighing 100 kg stands on one fbot whose surface area is 20 cm2

What is the pressure on his foot in kg per sq cm? [Remember: pressure =

force/area]

28
293



7. Refer to the following graph relating pressure on a certain surface

to the force exerted.

a. Determine by inspection of the graph the force when the pressure

is 25 kg per sq cm.

b. What is the slope of the line?

*c. What is the area of the surface acted on by the force?

80

70

_ 60

E
50

15'40

cr 30

w
20

I0

0
Pla

10 20 30 40 50

FORCE (kg.)

60

8. Solve each of the following equations.

a. 2h - --- 2

b. 2 = 3p - 10
2

s
c.

25
= 4

66.
d. .3
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9. Write each of the following expressions as a number in scientific notation.

Allow only one digit to remain to the left of the decimal point in your

answer.

. .(4.3 x 10 -2) x k105 )a.

10
4

b.
(6 x 102) x (2.6 x 10-3)

1.30 x 10-7

(5.0 x 10 -6) (5.0 x 10+6)
c.

10
0

10.
PV = P'V'
T T'

P = 3.20 x :,.02 atm

T' = 3.60 x 102 °K

P' = 32 x 10 atm

V' = 12 x 10
1
ml

T = 14.65 x 102 °K

What is V?

211. A quantity et oxygen occupier 2.82 x 10
2
ml at a temperature of 2.70 x 10. °K

2and a pressure of 5 atm. The temperature is lowered to
3
--of its former value,

while the volume remains the same.

a. What is the new temperature?

b. What is the new pressure?

12. An 8-liter tank is suspended at a depth of 30 meters. The pressure of the

gas in the tank is 100 atm.

a. What is the pressure on the outside of the tank?

[pressure in atm =
depth in meters

+ 1]
10

b. What volume would the gas attain if all of it escaped into a diving

bell at the same depth? [Use PV = P'V']

c. If the gas entered the diving bell at a rate of 10 liters per minute, hov

long would it take for all the gas to escape?
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13. Mort, whose mass is 75 kg, drinks 6 glasses of beer (1.2 liters) on

an empty stomach. A friend tells him that the beer is 4.5% alcohol and

that Mort shouldn't drive home until the concentration of alcohol in his

blood is down to .05%.

a. How many liters of alcohol has Mort drunk?

b. How many ml of alcohol has Mort drunk?

MT
c. From the formula c

o M
= find co, the "initial" blood-alcohol concen-

tration in percent.

(Remember: A is amount of alcohol drunk in ml

M is Mort's mass in kg

r = 9)

d. Using the formula c = St + c
o'

how long should Mort wait before driving

home?

(Remember: c is the percent concentration of alcohol in Mort's blood

t is the time in hours

c
o

is the "initial" concentration found in part c

= -.012% per hour)

14. Express these decimal powers of ten as numbers in scientific notation.

a. 10
7.5

b. 10
-7.5

c. 10
-13.3

15. Express these numbers in scientific notation as decimal powers of ten.

a. 5 x 10
-7

h. 6.3 x 10
-11

c. 2 x 10
-3
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SECTION 35:

35-1 Conversion of Units of Area and Volume

We have not yet applied the method of conversion factors to

problems involving units of area and volume such as the square
foot or the cubic centimeter. The reason is that the conversion

of units which are squared or cubed is made easier with an addi-

tional technique.

Suppose that we need to convert an area of 6.3 square centi-

meters into units of square millimeters. Earlier you learned that

1 square centimeter is equal to 10. 10 = 100 square millimeters.
In lin

tJ1
iitL

t.
km

1:1
:1- L I L

We may use as a conversion factor

100 mm2

1 cm 2

and solve the problem by writing

2
6.3

100 mm
= 630 mm 2

1

A square centimeter is the area of a square whose sides have

a length of one centimeter.

1 cm 2 = 1 cm 1 cm

The preceding problem requires us to convert 6.3 cm2 to mm2
. We

begin by writing

6.3 cm 2 = 6.3 cm cm

Since 1 cm = 10 mm, we use

write

10 mm
as a conversion factor, and we1 cm

mm 10 mm6.3 cm 2 = 6.3 cm-cm- 10 cm 1 cm

20.)
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We cancel the appropriate units and simplify the right side of

the equation.
mrn6.3 cm 2

= 6.3 ..cfrr .ent
10 nun 10
1 xntr 1 -ern'

= 6.3 10 mm 10 mm

= 630 nun mm

Since nun nun = mm
2

, we write finally

6.3 cm
2 = 630 mm 2

We have solved the same problem by two methods. With one
0

cmm2
method we used 10

as a conversion factor. With the
1

m2

10 cm cmother method we used to convert cm2 to mm 2
. There7715T

1

1

0

mm
is yet a third method which uses (

10
cmmm)

2
as a conversion factor.

1

6.3 cm 2 = 6.3 cm 2
(
10 mm)

2

1 cm

6.3 ..0m2, (100 mm2)

1

2= 630 mm

For solving this problem, when we know the conversion factor

for directly converting square centimeters to square millimeters,

the latter two methods may seem unnecessarily complicated. How-

ever, often we do not know the factor converting one unit of area

to another, and it is then that the latter methods are extremely

helpful. Consider the following examr,ke.

EXAMPLE:

Express an area of 18.2 square feet in units of square

meters, given that 1 meter = 3.28 feet.

2
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SOLUTION:

18.2 ft2 = 18.2 --Et'
1 m 1 m

3.28 -f-t- 3.28

1 1= 18.2 m
3.28 3.28

18.2
3.28 3.28

m m

= 1.69 m2

ALTERNATIVE SOLUTION:

18.2 ft 2 = 18.2 ft2 ( m )23.28 ft

(
1 m 2

J

= 18.2 -f-t2"
(3.28)2-f-t2

1.82
m 2

(3.28)-

= 1.69 m 2

Converting a unit of volume to another unit of volume is done

in an analogous manner. The methods are demonstrated in the fol-

lowing example.

EXAMPLE:

Express a volume of .043 cubic meters in units of cubic

centimeters.

SOLUTION:

.043 m 3 = .043 m m m

Since 1 m = 100 cm, we use 101 0

m
cm

as a conversion factor

end write

100 cm 100 cm 100 cm.043 m3
= .043...A-.....131- ...NI -

I...1w 1_14q- 1..gar

= .043 100 cm 100 cm 100 cm

= .043 10
2

10
2 10 2 cm cm cm
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Since cm cm cm = cm3
, we may write

.043 m3 = .043 10 2
10

2
10

2 cm 3

= .043 10 6 cm 3

= 4.3 10 4 cm 3 or 43,000 cm3

ALTERNATIVE SOLUTION:

.043 m3 = .043 m3 (100 cm)3
1 m

= .043 (-21-
100

3cm 3

)

1-11*(3"

= .043 10 6 cm3

= 4.3 10
4 cm 3
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PROBLEM SET 35:

Problems 1-9 are expressions converting a quantity from one set of units to

another. In some expressions, every conversion factor is written correctly.

Write "correct" for each of these. In other equations, there are one or more

errors. In this case, rewrite the entire equation. Caution: in one problem the

error involves a number.

1. 14.7
lb

, - 14.7
lb

in in
in

lb 1 in 1 in 1 kg
14.7 1.04 heT

in2 2.54 cm 2.54 cm 2.20 lb
cm

2. 62.4
lb

ft3
- 62.4

ft

lb
ft ft

62.4 lb 3.28 ft 3.28 ft 3.28 ft 1 kg
- 1001

ft
3 m m m 2.20 lb m3

1 k100
k

, cm)3
3. 1000 Ila- .

106
- l000 10-1

cm 3 m ) 3lo mg

4. .022
moles (1 cm

)3 . 6 x 1023
molecules molecules

3 '10 mole
1.32 x 1019

cm
mm

iii____ 1 liter 1 ml ,100 cm)3
= 9.

7 liter 1000 ml 3 k
9.1 x 102 il

M
CM

6. 89 in . (

1

2

ft

in
)

2
. ( 3128 ft

m
)

2
= .057 m

21.
ft

3 cm31 m 3 1 hr 100 cm cm
7. 18 = 8502 .

hr . ( 3.28 ft ) 60 min run

ft 3600 sec ,2 1 m
1.26 x 10

8 m
8. 32 )

2 hr 3.28 ft sec
sec

9. 4.7
m3

. (
100 cm)3 1 hr 4.7 100 cm

3

hr m 60 min 60 min

2 6
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In ,Problems 10 -19,.a conversion factor is missing. In some problems you will

have to supply both the number and the units; in other problems, only the units.

You do not need to perform the multiplications, although multiplication may

be used to check your work.

2.20 lb lb10. 28 . (0.3)2
kg '

ft
2

11. 1000 134-
3

(?)
1000
1-6mg - 106 IL-

cm m
3

12. 14.7 lb2 . (?) = 2117 lb,
in ft`

13. grains 8 fl drams 1 fl oz
'1

(?)

1 Fr am
) = 107 Mfl dram fl oz

29.6 cm3 15.4 grains m3

Emil 1 liter (01 400 cm .3

m3

14. 1
liter 1000 ml ' 1 % I = 1000

grams
m m3

cm3 m3ml breaths cm15. 3200 1500
. 1 . (?) = 4.8breath hr ml hr

16. 2 moles .

22 4 liters 1000 ml 1 cm3

mole liter ml
. (?) = 4.48 x 10

-2 m3

17. 6 x 10
-4 moles

ml
1 m1

cm
. (

100 cm
)

3
. 32 (?) = 1.92 x 10

4
3

m3

18. 62.4 lb
1 el

"
J.191____

ft 3 778- '

kg2.20 lb = 3 79 gallon

1 mile 1.61 km19. 32
ft

. (?) .

5280 ft - 1.26 x 10
5
km

sect mile
hr

2

Perform the following unit conversions. Show all work. In any divisions that

are required, do not carry your calculations beyond the hundredths column.

20. 9.9 ft 3
to m3; use 1 m = 3.3 ft.

21. 24 ml to m3; use 1 m R 102 cm; 1 ml = 1 3
cm .

22. 13.2 ft
2
to m

2
; use 1 m = 3.3 ft.
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23. 35.937 gal to m3; use 1 m = 3.3 ft; 1 ft3 = 7.5 gal.

24. 14.7
lb
---, ;to use 1 in = 2.5 cm; 1 kg = 2.2 lb.
in cm

2

25.
5.844 x 10

-4
g NaC1

to
moles NaC1

ml solution liter solution '

use 1 mole NaC1 = 58.44 g; 1 liter = 103 ml.

600 ml liters
26. breath hr

to ; use 1 min = 14 breaths; 60 min = 1 hr; 103 ml = 1 liter.

27. liter to 15
3

; use 1 gram = 103 milligrams (mg);
m

28.
3.65 x 10-3 g HC1 moles HC1

ml solution liter solution '

use 36.5 g HC1 = 1 mole HC1; 103 ml = 1 liter.

1 liter = 103 cm3; 100. am =

29. One form of the combined gas law states that, for a given quantity of gas,

PV
,a= k. Although k is a constant, it must have the same units as the left side

1 m.

of the equation. If P is given in atmospheres, V in liters and T in degrees

-Kelvin, the units of k.are liter
0

- atm
For one mole of a gas, k .082

liter atm
0 K

Find. k for one mole of gas, if volume is given in cubic feet. (1 meter = 3.28 ft)

Terminate your answerat the ten-thousandths column.

30. Fred has a book that shows all of the Olympic records for track events. One

day he began to wonder how the lengths of the Olympic races (in meters) compared

to American races (in yards). At the bottom of the page he found a footnote

that stated that 1 yard = .9144 metr-s. Fred worked a few problems like the

following one.

1500 m (ln m) ?

He soon got tired of dividing by .9144 for each race. Then he realized. that he

could calculate a new conversion factor that would avoid division completely.

2Di
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Fred's new conversion factor was of the form

x yards,

1 meter

a. Find the new conversion factor. Do not carry your calculations beyond

the ten-thousandths column.

b. Use the new conversion faitor to find the length of the 100-meter race

in yards.

,.
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SECTION 36:

36-1 More About Dimensional Algebra

Consider a problem. If a person inhales .6 liter of air per

breath and takes 14 breaths per minute, how many liters of air

does he breathe in 2 hours?

First,' we determine the number ot: liters breathed in one hour.

liter 14 ImIleattng- 60 mlact liters
.6bzaetir- mla hr

504
hr

It is now no problem at all to find the volume consumed in 2 hours;

it will just be twice 504 liters, or 1008 liters. Using dimensional

algebra we can write the solution like this.

liters
508 x 2 hr- = 1008 liters

This problem is typical of many situations in which we are given a

rate (504 liters
) and an amount of time (2 hr) and need to find a

hr
total (1008 liters). Such problems can be solved by using the

formula

rate x amount = total

It is not always the case that the rate involves time. For

example, a concentration may be involved instead. However

the above formula still applies.

EXAMPLE:

An average adult male has 5.5 liters of blood. If the concen-

tration 100 ml'tration of Vitamin C in the blood is 1.5 what is the total

amount of Vitamin C in the bloodstream (in mg)?

SOLUTION:

We first determine the concentration of Vitamin C in mg per

liter.
1000 Arl

1.5 -1.11- X 15 mg
100 I-T.Ite7 liter

We now apply the formula, Rate x Amount = Total.

15 x 5.5 gets = 82.5 mg
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Once you get the hang of it you can solve such problems in

one step instead of two. It is just a matter of carefully keeping

track of the units.

0 ma
1.5 10m0

g 100
x 5.5 liters = 82.5 mgaa 1 Liter

36-2 Units Relevant to Air Pollution

Two units are commonly used when expressing the concentration

of pollutants in the air. One is used to measure the concentration

of solid pollutants and the other to measure the concentration

of gaseous pollutants.

The concentration of solid matter in the air is generally ex-

pressed in the units micrograms per cubic meter. The prefix "micro-"

means "one millionth" and its symbol is the Greek letter p (mu).

1 ug = 1 x 10 -6 g

Problems concerning solid pollutants lend themselves to the
usual techniques of dimensional algebra. The following example is
typical.

EXAMPLE:

Suppose that the concentration of dust in the atmosphere is
25 P-2 What volume of atmosphere will contain half a gram of dust?

m

SOLUTION:

This is basically a problem of making sure that the numbers

are arranged in such a way that units cancel properly. Since the

answer must be a volume, we know ahead of time that there must be

a "m3" remaining after all the cancellations.

1m3 1 ..1.1.4J-

25 4.64g- x -6-4-x 2 x 104 m3

The concentration of gaseous pollutants, such as the oxides of

carbon, nitrogen and sulfur, is commonly given in units of parts
per million. Parts per million is abbreviated "ppm." Parts per

million may be though of as a ratio of volumes or a ratio of numbers

of molecules, but not as a ratio of masses. That is,
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and

but

1 ppm SO2
1 liter SO

2

0" liters air

1 molecule SO
21 ppm SO2

10
6 molecules air

1 g SO2
1 ppm SO2

10 g air

There is a parallel between the units ppm and the familiar

notion of percentage. One percent just means one part in a hundred,

so percentage and parts per hundred have the same meaning. The

only reason thatpercentage is not used to measure air pollution is

that pollutants seldom reach a concentration of one part in a

hundred. Therefore, a smaller unit is handier.

The equivalence of the ratio of volumes and the ratio of numbers

of molecules st :s from Avogadro's principle, which states that equal

volumes of gas at the same temperature and pressure contain equal

numbers of molecules. Therefore, if the volumes of two gases are

related by a certain ratio; the numbers of molecules will be re-

lated by the same ratio.

EXAMPLE:

If the concentration of CO (carbon monoxide) in the air is 15 ppm

(Federal Alert Level), how many cm3 of CO are in 1 m3 of air?

SOLUTION:

Recalling that parts per million is a ratio of volumes, we

can write

15 ppm CO 15 cm
3 CO

060 cm air

At this point the problem can be solved by the use of dimensional

algebra. Note the conversion factor between cubic centimeters and

cubic meters.

15 cm3 CO 1003
1

3 = 15 cm 3
CO

6 3 .

10 caerrr- 1
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Notice that in a problem of this kind it is necessary to name
the substances involved. For example,

15 cm3 CO
6

cm310 cm air

Otherwise, an expression such as

15 cm3

10
6

cm
3

would permit the cancellation of the units. Cancellation is not
permitted in this case because cm

3
of CO is not equivalent to 1 cm

3

of air.

PROBLEM SET 36:

eats1. If a patient's heart rate is 80 b
what will be the totalminute'

number of beats in 3 hours? Substitute the correct numbers for the
letters in the following equation and solve for R.

beats P minutes
minute 1 hour

80 Q hours = R beats

2. In an adult human, about 2.3 x 10 6
red blood cells die each

second. How many will die in 2 hours?

3. In an adult human male the concentration of hemoglobin in the
blood is about 16

10 0 ml . Figuring that there are about 5.5 liters
of blood in the body, how many grams of hemoglobin will there be
altogether?

4. If the concentration of CO in the atmosphere is 10 ppm, how many
cm 3

of CO are in 1000 cm3
of air? Substitute the correct numbers

for the letters in the following equation to find the answer.

10 cm
3
CO

P cm3
air = Q cm3

CO6 3
10 cm air

5. If the concentration of SO
2
in the air is .3 ppm (Federal Alert

Level), how many cm3
of SO2 are in 10 m 3

of air? Substitute the
correct numerical values for the letters in the following equation
and solve for P.
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3
.3

6 3

cm SO
2 M

3
cm

3
air

.1s1 m
3 air = P cm3

SO
210 cm air 1 m air

6. If the concentration of 0
3
in the air is .1 ppm (Federal Alert

Level), how many cm3
of 0

3
are in 10 m 3

of air?

7. If the concentration of NO
2

in the air is 1.2 npm (Federal Warning

Level), how many m 3
of air will contain 1 cm 3

of NO2? Substitute the

correct numerical values for the letters in the following equation.

Do not carry your calculations beyond the hundredths column.

P cm3
33

air 1 3m
S cm3

NO
2
= T m air

3

air

Q cm NO
2

100 cm air

8. If the concentration of SO
2

in the air is .6 ppm, how many m 3

of air will contain 1 cm 3 of SO
2
? Do not carry your calculations

beyond the hundredths column.

9. The Federal Emergency Level for the concentration of particulates

in the air is 10 3
pg/m 3

.

a. At this concentration, how many m3
of air will contain 1

gram of solid matter? Substitute the correct numerical values for

the letters in the conversion equation.

1 m
3 .X pg Yg = T m3

3 g
10 pg

b. How many m- of air will contain 5 g particulates?

10. At rest, a person inspires about 600 ml of air per breath. His

rate of respiration is about 12 breaths/min. The concentration of
lead is 1 pg lead/m 3

air (this is a high but frequently observed

level).

a. What is the rate at which lead enters the lungs in pg/day?

b. What is the rate at which lead enters the 1' , in g/year?

11. A solution of chlorpromazine labeled "5 mg/ml" is at hand. A

doctor has prescribed that .02 g be administered to a patient.

How many ml of the solution on hand should be given to the patient?
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12. How many cm 3
of a streptomycin solution labeled "500 mg/cm3"

should be given to a patient for whom a dose of .4 g has been
prescribed?

13. How many ml of a penicillin solution labeled "5 x 105 units/ml"

should be given to a patient for whom a dose of 400,000 units has
been prescribed?

14. Mabel's blood-alcohol concentration is .2 g alcohol
The density

.8 g alcohol 100 g blood
of alcohol is approximately

ml alcohol The ratio-latl

blood
f

the volume of blood to body weight is about The
1 ml bloods

How many ml of alcohol

are there in Mabel's blood if she weighs 70 kg?

15. There are approximately 9 x 103 white blood cells in a mm3
of blood. The ratio of the volume of blood to body weight is
approximately 8 ml blood

How many white blood cells would100 g body weight'
there be in a 50 kg (= 100 lb) woman?

16. Assume that the average heart pumps at the right of approximately
5 liters per minute. How long in days would it take a pump which

pumped at the same rate to fill a swimming pool with dimensions
of 30 meters x 10 meters x 2.5 meters? Recall that the volume of

a rectangular solid is given by the equation V = length x width x
height. Do not carry your calculations beyond the hundredths column.

.; d
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